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Preface

This is a simple book.

This book is about pavement analysis. A pavement is a multi-
layered structure, made of a number of layers placed one over
the other. These layers can be made of asphaltic material, cement
concrete, bound or unbound stone aggregates, etc. These materials
show complex mechanical response with the variation of stress,
time, or temperature. Thus, understanding the performance of an
in-service pavement structure subjected to vehicular loading and
environmental variations is a difficult task.

However, this is a simple book. This book presents a step-by-step
formulation for analyses of load and thermal stresses of ideal-
ized pavement structures. Some of these idealizations involve as-
sumptions of the material being linear, elastic, homogeneous and
isotropic; the load being static; the thermal profile being linear
and so on.

Significant research has been done on analysis and design of pave-
ments during the last half-century (some of the fundamental devel-
opments are, however, more than hundred years old) and a large
number of research publications are already available. However,
there is a need for the basic formulations to be systematically
compiled and put together in one place. Hence this book. It is
believed that such a compilation will provide an exposure to the
basic approaches used in pavement analyses and subsequently help

xxiii
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xxiv Preface

the readers formulate their own research or field problems—more
difficult than those dealt with in this book.

The idea of this book originated when I initiated a post-graduate
course on Characterization of Pavement Materials and Analysis
of Pavements at IIT Kanpur. This course was introduced in 2007;
that was the time we were revising the post-graduate course struc-
ture in our department. I must thank my colleague Dr. Partha
Chakroborty for suggesting at that time that the Transportation
Engineering program at IIT Kanpur should have a pavement en-
gineering course with more analysis content. I also should thank
him for his constant encouragement during the entire process of
preparing this manuscript. One of our graduate students, Priyanka
Khan, typed out portions of my lectures as class-notes. Those ini-
tial pages helped me to overcome the inertia of getting started to
write this book. That is how it began.

This book has eight chapters. The first chapter introduces the sign
convention followed in the book and mentions some of the basic
solid mechanics formulations used in the subsequent chapters. The
second chapter deals with the material characterization of various
pavement materials. It introduces simple rheological models for as-
phaltic material. Beams and plates on elastic foundations are dealt
with in the third chapter—these formulations form the basis of
analysis of concrete pavement slabs due to load. The fourth chap-
ter covers the thermal stress in concrete pavement, and it provides
formulations for axial and bending stresses due to full and partial
restraint conditions. The fifth chapter starts with the analysis of
elastic half-space, and enlarges it to an analysis of multi-layered
structure. A formulation for thermo-rheological analysis of asphalt
pavement is presented in the sixth chapter. The seventh chapter
discusses the pavement design principles where pavement analyses
results are used. Finally, the last chapter discusses some miscel-
laneous topics which include analysis of a beam/plate resting on
elastic half-space, analysis of dynamic loading conditions, analysis
of composite pavement, reliability issues in pavement design, and
the inverse problems in pavement engineering.
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Preface xxv

Since this book provides an overview of basic approaches for pave-
ment analysis, rigorous derivations for complex situations have
been deliberately skipped. However, references are provided in
appropriate contexts for readers who want to explore further. I
must place a disclaimer that those references are not necessarily
the only and the best reading material, but they are just a repre-
sentative few.

A number of my former and present students have contributed to
the development of this book. They have asked me questions inside
the classroom and outside. Discussions with some of them were
quite useful, while others helped me to cross-check a few deriva-
tions. Dr. Pabitra Rajbongshi, Sudhir N. Varma, Vivek Agarwal,
Pranamesh Chakraborty, Syed Abu Rehan, and Vishal Katariya
are some of these students. I must also thank my former colleague,
Dr. Ashwini Kumar, for the useful discussions with him on plate
theories. I also thank all the people with whom I have interacted
professionally from time to time for discussing various issues re-
lated to pavement engineering. I want to thank all the authors of
numerous papers, books and other documents whose works have
been referred to in this book.

I am most grateful to my parents for their care and thought in-
volved in my education. I thank my father, Dr. Kali Charan Das,
for teaching me formulations in physics using first principles. I
thank my Ph.D. supervisor Dr. B. B. Pandey for training me as a
researcher in pavement engineering. I also wish to thank my col-
leagues for the encouragement, and my Institute, IIT Kanpur, for
providing an excellent academic ambiance.

I thank CRC Press and Taylor & Francis staff members, espe-
cially Dr. Gangandeep Singh and Joselyn Banks-Kyle for remain-
ing in touch with me during the development of the manuscript
and Karen Simon during the production process. I must thank my
family members for bearing with me, and especially my daughter
Anwesha for sacrificing her bedtime stories for months, while I was
finalizing the manuscript.
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xxvi Preface

Care has been taken as far as possible to check for editorial mis-
takes. If, however, you find any, or wish to provide your feedback
on this book please drop me an e-mail at adas@iitk.ac.in.

This book now must go for printing.

Animesh Das
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Chapter 1

Introduction

1.1 Purpose of the book

Pavement is a multi-layered structure. It is made up of compacted
soil, unbound granular material (stone aggregates), asphalt mix or
cement concrete (or other bound material) put as horizontal layers
one above the other. Figure 1.1 presents a typical cross section of
an asphalt and a concrete pavement.

Generally, asphalt pavements do not have joints, whereas the con-
crete pavements (commonly known as jointed plain concrete pave-
ment) have joints1. The concrete pavements are made of concrete
slabs of finite dimensions with connections (generally of steels
bars) to the adjacent slabs. Dowel bars are provided along the
transverse joint and tie bars are provided along the longitudinal
joint (refer to Figure 1.2). A block pavement or a segmental pave-
ment is made up of inter-connected blocks (generally, cement con-
crete blocks), and its structural behavior is different from the usual
asphalt or concrete pavements.

1Though exceptions are possible, for example, asphalt pavements in ex-
tremely cold climates may be provided with joints, continuously reinforced
concrete pavements does not generally have joints etc.

1
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2 Chapter 1. Introduction

Subgrade (soil)

Subbase course (cound/ unbound 

granular)

Base course (bound/ unbound 

granular)

Binder course (bituminous)

Wearing course (bituminous)

(a) An asphalt pavement section

Concrete slab

Base course (lean cement concrete/ 

roller compacted concrete)

Subgrade (soil)

(b) A concrete pavement section

Figure 1.1: Typical cross-section of an asphalt and a concrete pave-
ment.

dow
el bars ti

e 
bar

s

Figure 1.2: Dowel bar and tie bar arrangement in concrete pave-
ment.
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1.1. Purpose of the book 3

An in-service pavement is continuously subjected to traffic load-
ing and temperature variations. The purpose of this book is to
present a conceptual framework on the basic formulation of load
and thermal stresses of typical (as shown in Figures 1.1 and 1.2)
concrete and asphalt pavements.

Analysis of pavement structure enables one to predict or explain
the pavement response to load from physical understanding of the
governing principles, which can be corroborated later through ex-
perimental observations. This, in turn, builds confidence in struc-
tural design, evaluation, and maintenance planning of road infras-
tructure.

Generally speaking, a concrete pavement is idealized as a plate
resting on an elastic foundation [124, 303, 304, 305]. It is assumed
that the load is transferred through bending and the slab thickness
does not undergo any change while it is subjected to a load. For
an asphalt pavement, it is assumed that the load is transferred
through contacts of particles, and the layer thicknesses do undergo
changes due to application of load [34, 35, 142].

Pavement being a multi-layered structure, it is generally difficult to
obtain a closed-form solution of its response due to load. For design
purpose, pavement analysis may be done through some software(s)
which may use certain numerical methods to perform the analysis.
Ready-to-use analysis charts are also available in various codes/
guidelines. The algorithms used and the assumptions involved in
the analysis process may not always be apparent to a pavement
designer (as a user of these softwares/charts). Thus, there is a
need to know the assumptions involved and the basic formulations
needed for analyzing a pavement structure.

On the other hand, a large pool of research papers, books, reports,
theses etc. is available dealing with pavement material character-
ization and structural analyses of pavements. The research publi-
cations typically deal with a rigorous theoretical development on
a specific aspect and may choose to skip details of some of the of
basic and well-known principles/techniques. Further, some of the
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4 Chapter 1. Introduction

basic formulations might have been developed many years ago (of-
ten with different notations and sign conventions than practiced
today) and contributed by researchers from other areas of science
and engineering. For instance, contributions to the theoretical for-
mulation for pavement analysis have come from structural engi-
neering (for example, the theory of plates), soil mechanics (for
example, beams and plates on an elastic foundation), applied me-
chanics (for example, the stress-strain relationship, principles of
rheology), mechanical engineering (for example, material model-
ing) and so on.

For a beginner (in pavement engineering) this may appear to be
a hurdle—because, one may need to trace back to the original
source, understand the assumptions/idealizations, and follow the
subsequent theoretical development. Thus, there is a need for the
approaches to pavement analyses to be collated in one place. This
is the purpose of this book. The focus of the present book, there-
fore, can be identified as follows,

• This book is a compilation of the existing knowledge on anal-
yses of pavement structure. Load and thermal stress analyses
for both asphalt and concrete pavements are dealt with in
this book. Attempts have been made to provide ready refer-
ences to other publications/documents for further reading.

• Basic formulations for analysis of pavement structure have
been presented in this book in a step-by-step manner—from
a simple formulation to a more complex one. Attempts have
been made to maintain a uniformity in symbol and sign con-
ventions throughout the book.

1.2 Background and sign conventions

Some of the basic and widely used equations, which are also re-
ferred to and used in this book, are presented here almost without
discussion. One can refer to books on the mechanics of solids
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1.2. Background and sign conventions 5

X

Y

Z

(x,y,z)

yy
σ

yx
τ

yz
τ

zy
τ

zx
τ

zz
σ

xy
τ

xx
σ

xz
τ

a b

cd

e f

g

Figure 1.3: Sign convention in the Cartesian system followed in
this book.

and the theory of elasticity [11, 99, 241, 277] for further study;
applications of some of these formulations can also be found in
books on soil mechanics [63, 104, 162, 222]. The sign convention
followed in the present book is shown in Figure 1.3 for the Carte-
sian coordinate system and in Figure 1.4 for the cylindrical coordi-
nate system. These figures also show the notations used to identify
the stresses in different directions.

1.2.1 State of stress

The state of stress in a Cartesian coordinate system (refer to Fig-
ure 1.3) can be written as,

[σ] =

 σxx τxy τxz
τyx σyy τyz
τzx σzy σzz

 (1.1)
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6 Chapter 1. Introduction

R

Z
(r, ,z)

rθτθθσ
zθτ

θτ z zrτ

zzσ

θτ r rrσ
rzτ

θ

θ

Figure 1.4: Sign convention in the cylindrical system followed in
this book.

σ is also known as Cauchy’s stress. For normal stresses on a body,
a negative sign has been used in this book to indicate compression,
and a positive sign to indicate tension.

Figure 1.5 shows a plane “afh,” whose direction cosine values are
l, m and n with respect to X, Y and Z axes respectively. If, psx,
psy and psz represent the stresses (on plane “afh”) parallel to X,
Y and Z (refer Figure 1.5(a)), then,

psx
psy
psz

 =

 σxx τxy τxz
τyx σyy τyz
τzx σzy σzz


l
m
n

 (1.2)

The normal stress in the plane “afh” (refer to Figure 1.5b) can
be obtained as,

σs = psxl + psym+ pszn (1.3)

The shear stress on plane “afh” is obtained as,

τs =
((
p2
sx + p2

sy + p2
sz

)
− σ2

s

)1/2
(1.4)
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1.2. Background and sign conventions 7

X

Y

e

O'

Z

sy
p

sx
p

sz
p

h

f

a

O'

h

f

a

s
τ

s
σ

e

(a) (b)

Figure 1.5: Stresses on plane “afh” plane with direction cosines as
l, m and n.

For a special case, when the choice of the plane “afh” (that is
choice of l, m and n) is such that the shear stress vanishes, and
therefore, only the normal stress exists (that is, principal stress on
that plane), it can be written as,

σsl
σsm
σsn

 =

 σxx τyx τzx
τxy σyy τzy
τxz σyz σzz


l
m
n

 (1.5)

For a feasible solution to exist,∣∣∣∣∣∣
σxx − σs τyx τzx
τxy σyy − σs τzy
τxz σyz σzz − σs

∣∣∣∣∣∣ = 0 (1.6)

The Equation 1.6 gives rise to the characteristic equation as,

σ3
s − I1σ

2
s + I2σs − I3 = 0 (1.7)
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8 Chapter 1. Introduction

where, I1, I2 and I3 are coefficients. Since the principal stress value
for a given state of stress should not vary with the choice of the
reference coordinate axes, the coefficients I1, I2 and I3 must have
constant values. These are known as stress invariants. Their ex-
pressions are provided as Equations 1.8–1.10.

I1 = σxx + σyy + σzz (1.8)

I2 = σxxσyy + σyyσzz + σzzσxx − τ 2
xy − τ 2

yz − τ 2
zx (1.9)

I3 = σxxσyyσzz + 2τxyτyzτzx − σxxτ 2
yz − σyyτ 2

xz − σzzτ 2
xy (1.10)

In terms of principal stresses, these take the following form,

I1 = σ1 + σ2 + σ3 (1.11)

I2 = σ1σ2 + σ2σ3 + σ3σ1 (1.12)

I3 = σ1σ2σ3 (1.13)

There can be a special case when l, m, n values are all equal
with references to the principal axes. That is, l = m = n = 1√

3
.

The corresponding plane is known as an octahedral plane. The
octahedral normal stress (σoct) can be obtained from Equation 1.3
as follows,

σoct =
1

3
(σ1 + σ2 + σ3) (1.14)

The octahedral shear stress (τoct) can be obtained from Equa-
tion 1.4 as follows,

τoct =
1

3

(
(σ1 − σ2)2 + (σ1 − σ3)2 + (σ3 − σ1)2

)1/2
(1.15)
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1.2. Background and sign conventions 9

The σoct and τoct in terms of the general state of stress can be
expressed as,

σoct =
1

3
(σnn + σyy + σzz) (1.16)

τ 2
oct =

1

3

(
(σnn − σyy)2 + (σyy − σzz)2 + (σzz − σxx)2

+ στ 2
ny + στ 2

yz + στ 2
zx

)1/2
(1.17)

1.2.2 Strain-displacement and strain
compatibility equations

If displacement fields in the direction of X, Y and Z are considered
as u, v, and ω then,

εxx =
δu

δx

εyy =
δv

δy

εzz =
δω

δz
(1.18)

γxy =
δu

δy
+
δv

δx

γyz =
δv

δz
+
δω

δx

γzx =
δω

δx
+
δu

δz

where, εxx, εyy and εzz indicate normal strains (along X, Y and
Z directions) and γxy, γyz and γzx indicate the engineering shear
strains. By taking partial derivatives and suitably substituting, one
can develop the following set of equations which do not contain the
u, v and ω terms. These equations (Equation set 1.19) are known
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10 Chapter 1. Introduction

as strain compatibility equations.

∂2γxy
∂x∂y

=
∂2εxx
∂y2

+
∂2εyy
∂x2

∂2γyz
∂y∂z

=
∂2εyy
∂z2

+
∂2εzz
∂y2

∂2γzx
∂z∂x

=
∂2εzz
∂x2

+
∂2εxx
∂z2

(1.19)

2
∂2εxx
∂y∂z

= −∂
2γyz
∂x2

+
∂2γzx
∂x∂y

+
∂2γxy
∂x∂z

2
∂2εyy
∂z∂x

= −∂
2γzx
∂y2

+
∂2γxy
∂y∂z

+
∂2γyz
∂y∂x

2
∂2εzz
∂x∂y

= −∂
2γxy
∂z2

+
∂2γyz
∂z∂x

+
∂2γzx
∂z∂y

The strain-displacement relationships in the cylindrical coordinate
are,

εrr =
∂ur
∂r

εθθ =
ur
r

+
1

r

∂vθ
∂θ

εzz =
∂ω

∂z

γrθ =
1

r

∂ur
∂θ

+
∂vθ
∂r
− vθ

r
(1.20)

γrz =
∂ur
∂z

+
∂ω

∂r

γrθ =
∂vθ
∂z

+
1

r

∂ω

∂θ

where, ur = displacement in r direction, vθ = displacement along
tangential direction, and ω = displacement along Z direction.
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1.2. Background and sign conventions 11

1.2.3 Constitutive relationship between stress
and strain

The constitutive relationship for a linear anisotropic material can
be written as,

σxx
σyy
σzz
τxy
τyz
τzx


=


C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66





εxx
εyy
εzz
γxy
γyz
γzx


(1.21)

where, Cij are the material constants. For isotropic material (that
is, when the properties are same along any direction) Equation 1.21
takes the following form:

σxx
σyy
σzz
τxy
τyz
τzx

 =


C11 C12 C12 0 0 0
C12 C11 C12 0 0 0
C12 C12 C11 0 0 0

0 0 0 1
2

(C11 − C12) 0 0

0 0 0 0 1
2

(C11 − C12) 0

0 0 0 0 0 1
2

(C11 − C12)



εxx
εyy
εzz
γxy
γyz
γzx


(1.22)

where, C11 = E(1−µ)
(1+µ)(1−2µ)

and C12 = Eµ
(1+µ)(1−2µ)

, E is the Young’s
modulus of the material. The inverted form of the Equation 1.22
can be presented (using the values of C11 and C12) as following,

εxx
εyy
εzz
γxy
γyz
γzx


=

1

E


1 −µ −µ 0 0 0
−µ 1 −µ 0 0 0
−µ −µ 1 0 0 0
0 0 0 2(1 + µ) 0 0
0 0 0 0 2(1 + µ) 0
0 0 0 0 0 2(1 + µ)





σxx
σyy
σzz
τxy
τyz
τzx


(1.23)
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12 Chapter 1. Introduction

Equation 1.23 can be written as,

εxx =
1

E
(σxx − µ (σyy + σzz))

εyy =
1

E
(σyy − µ (σzz + σxx)) (1.24)

εzz =
1

E
(σzz − µ (σxx + σyy))

γxy =
1

G
τxy

γyz =
1

G
τyz (1.25)

γzx =
1

G
τzx

where, G = E
2(1+µ)

. In a cylindrical coordinate (for isotropic mate-

rial), the equations are,

σrr =
E

(1 + µ)(1− 2µ)
((1− µ)εrr + µεzz + µεθθ)

σzz =
E

(1 + µ)(1− 2µ)
(µεrr + (1− µ)εzz + µεθθ) (1.26)

σθθ =
E

(1 + µ)(1− 2µ)
(µεrr + µεzz + (1− µ)εθθ)

τrz =
E

2(1 + µ)
γrz

τrθ =
E

2(1 + µ)
γrθ (1.27)

τzθ =
E

2(1 + µ)
γzθ

For an axi-symmetric situation (that is, when the material prop-
erty, geometry and loading are symmetric about the axis of revo-
lution) the response of the material/ medium will be independent
of θ, that is, ∂

∂θ
= 0 and vθ = 0 (refer to Equation 1.20).
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1.2. Background and sign conventions 13

Plane stress condition (in Cartesian coordinate system)

For a plane stress condition, stress in one particular direction (say
along Y direction) is zero. That is, σyy = σxy = σyz = 0. Such
a situation arises, for example, for a disk with a negligible thick-
ness. Putting these conditions in Equations 1.24 and 1.25, one can
write,

εxx =
1

E
(σxx − µσzz)

εyy =
1

E
(−µσzz − µσxx) (1.28)

εzz =
1

E
(σzz − µσxx)

γxy = 0

γyz = 0 (1.29)

γzx =
1

G
τzx =

2 (1 + µ)

E
τzx

Conversely, the stresses (in the plane stress case) can be expressed
(considering, G = E

2(1+µ)
) in terms of strains as follows,

σxx =
E

1− µ2
εxx +

µE

1− µ2
εzz

σzz =
E

1− µ2
εzz +

µE

1− µ2
εxx (1.30)

τzx =
E

2(1 + µ)
γzx

Plane strain condition in (Cartesian coordinate system)

In a plane strain condition, strain in one particular direction (say
along Y direction) is zero. That is, εyy = γxy = γyz = 0. Such a sit-
uation arises for example, for an embankment, which has negligible
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14 Chapter 1. Introduction

strain along the longitudinal direction. Putting these conditions in
Equations 1.24 and 1.25, one can write,

εxx =
1− µ2

E
σxx −

µ(1 + µ)

E
σzz

εzz =
1− µ2

E
σzz −

µ(1 + µ)

E
σxx (1.31)

γzx =
2(1 + µ)

E
τzx

Conversely, the stresses (in the plane strain case) can be expressed
in terms of strains as follows,

σxx =
E(1− µ)

(1 + µ)(1− 2µ)
εxx +

µE

(1 + µ)(1− 2µ)
εzz

σzz =
µE

(1 + µ)(1− 2µ)
εxx +

(1− µE
(1 + µ)(1− 2µ)

εzz (1.32)

τzx =
E

2(1 + µ)
γzx

1.2.4 Equilibrium equations

The equilibrium condition is derived by taking the force balance
along each direction. The static equilibrium equation (in Cartesian
coordinate system) can be written as,

∂σxx
∂x

+
∂τyx
∂y

+
∂τzx
∂z

+BFx = 0

∂τxy
∂x

+
∂σyy
∂y

+
∂τzy
∂z

+BFy = 0 (1.33)

∂τxz
∂x

+
∂τyz
∂y

+
∂σzz
∂z

+BFz = 0

where, BFx, BFy and BFz are the body forces per unit volume
(say, gravity, magnetic force etc., as applicable) along X, Y and Z
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1.3. Closure 15

directions respectively. For a dynamic equilibrium case, the right-
hand side of the equations will have terms as ρ∂

2u
∂t2

, ρ∂
2v
∂t2

and ρ∂
2ω
∂t2

,
respectively, where ρ is the density of the material. The static equi-
librium condition in a cylindrical coordinate system is obtained as,

∂σrr
∂r

+
1

r

∂τrθ
∂θ

+
∂τzr
∂z

+
σrr − σθθ

r
+BFr = 0

∂τrθ
∂r

+
1

r

∂σθθ
∂θ

+
∂τθz
∂z

+
2τrθ
r

+BFθ = 0 (1.34)

∂τzr
∂r

+
1

r

∂τθz
∂θ

+
∂σzz
∂z

+
τzr
r

+BFz = 0

where, BFr, BFθ, and BFz are the body forces per unit volume
along r, θ, and Z directions respectively.

1.3 Closure

Some basic relationships in the mechanics of solids are recapitu-
lated in this chapter as background material. These equations have
been referred/used at various places in the subsequent chapters of
this book. One can refer to any suitable book on the mechanics of
solids and the theory of elasticity for further discussions on these.
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Chapter 2

Material characterization

2.1 Introduction

As mentioned in Section 1.1, different materials are used to build
a road. This chapter deals with the material characterization of
some of the basic types of materials used in pavements. Material
characterization for soil, unbound granular material, asphalt mix,
cement concrete, and cemented material will be briefly discussed
in this chapter.

2.2 Soil and unbound granular

material

Compacted soil is used to build subgrade (refer Figure 2.1(a)).
Unbound granular material is used to build the base/sub-base of
a pavement structure (refer Figure 2.1(b)).

The resilient modulus (MR) is generally the elastic modulus pa-
rameter used for the characterization of granular material (or soil).
It is determined by applying a repetitive load to the sample in a

17
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18 Chapter 2. Material characterization

(a) Compacted soil used as sub-
grade

(b) Unbound granular material
can be used as a base/sub-base

Figure 2.1: Soil and unbound granular materials are used for build-
ing roads.

Strain 

S
tr

e
s
s

M
R

Figure 2.2: Repetitive load is applied to unbound granular material
(or soil) in a triaxial setup to estimate MR value.
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2.2. Soil and unbound granular material 19

triaxial cell [3]. The MR is defined as,

MR =
deviatoric stress

recoverable strain
(2.1)

Experimental studies indicate granular material is a stress depen-
dent material. A large number of MR models (as functions of the
state of stress) have been proposed by past researchers. One can
refer to, for example, [163, 167, 278, 288] etc., for brief reviews
on the various models of granular material and soil. One of such
models is [75, 110],

MR = c1 (σc/Pa)
c2 (2.2)

where, σc is the confining pressure (= σ3) in a triaxial test, Pa is
the atmospheric pressure, c1 and c2 are the material parameters.
σc is divided by Pa to make the parameter dimensionless. Another
model, popularly known as k− θ model (θ = I1), is represented as
follows [1, 32, 110, 205]

MR = k1 (I1)k2 (2.3)

where, k1 and k2 are the material parameters and I1 is the first
invariant of stress (refer to Equations 1.8 and 1.11). It was argued
that the model represented by Equation 2.3 has certain limita-
tions [163], and the following models were proposed [195, 293]

MR = k1 (I1)k2 (σd)
k3 (2.4)

where, k1, k2 and k2 are the material parameters, σd = deviatoric
stress.

MR = k1 (I1)k2 (τoct)
k3 (2.5)

where, τoct is the octahedral shear stress (refer to Equation 1.15),
and so on.

The resilient modulus of unbound granular material depends on a
number of parameters, for example, aggregate gradation, level of
compaction, moisture content, particle size, loading pattern, and
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20 Chapter 2. Material characterization

stress level, etc. Further behavior of granular material in compres-
sion and in tension (because granular material can only sustain a
small magnitude of tension) is different; therefore these need to be
modeled separately [318]. It also behaves anisotropically [250]. One
can, for example, refer to [163, 278] for a brief review on this topic.

Besides the above kind of models for MR (where, MR values are
related to various stress parameters), a number of other (constitu-
tive relationship based) models also have been proposed, in which
volumetric and shear strains are considered [26, 29, 30, 160]. In
these models, the material (that is, granular material or soil) is
assumed to behave as an isotropic (refer Equation 1.22) and non-
linearly elastic material, (hence, there will be no loss in the strain
energy) or the volumetric strain is path independent.

There are various other parameters which are used to character-
ize soil and granular materials, and some of these are related
to MR through empirical equations. Modulus of subgrade reac-
tion [1, 217, 281] (k) is another parameter which is measured in
situ, typically by a plate load test [102]. This is defined as the
pressure needed to cause unit displacement of the plate. This con-
ceptually represents the “spring constant” of the foundation on
which the pavement is resting. The parameter k will be briefly
discussed later in Section 3.2.1.

2.3 Asphalt mix

An asphalt mix is made up of an asphalt binder and aggregates
mixed in specified proportion (refer to Figure 2.3). Volumetrically
asphalt mix contains an asphalt binder, aggregates, and air-voids.
Unlike cement concrete (where hydration of cement is involved
during hardening), no chemical reaction takes place in asphalt mix,
hence aggregates and asphalt binder retain their individual physi-
cal properties. The mixing can be done at an elevated temperature
(for hot mix asphalt), a moderate temperature (for warm mix as-
phalt) or at ambient temperature (for cold mix asphalt).
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2.3. Asphalt mix 21

Figure 2.3: Cross-sectional image of an asphalt mix sample.

Various stiffness modulus parameters, measurement techniques,
and modeling have been proposed to characterize asphalt mix [4,
70, 149, 172, 268, 291, 314]. Some of the simple rheological models
and associated principles, which can be used to develop simple
models for an asphalt mix, are discussed briefly in the following.

2.3.1 Rheological models for asphalt mix

Rheolgical models are widely used to describe the mechanical re-
sponse of materials which varies with time. For a detailed un-
derstanding on rheological principles one can refer to, for exam-
ple, [51, 84, 161] etc. A number of textbooks and synthesis docu-
ments are available on rheological modeling of materials.

Creep is a situation when stress (that is, load) is held constant,
relaxation is a situation when the strain (that is, displacement)
is held constant. For rheological materials like asphalt material,
typically, under creep condition (that is, in a constant stress sit-
uation) the strain will keep on increasing (until it stabilizes to
an almost constant level), and under relaxation condition (that
is, at constant strain situation) the stress will keep on decreasing
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Figure 2.4: Typical creep and relaxation response of asphalt mix.

(until it stabilizes to an almost constant level). A typical behavior,
observed for asphalt mix, under creep and relaxation conditions
is shown in Figures 2.4(a) and 2.4(b) respectively. Various curve
fitting techniques (for example, power law, Prony series, etc.) have
been suggested to fit the data, and the readers can, for example,
refer to [149, 214] for further reading.

Creep modulus (Ecrp) at any given time t can be defined as the
stress divided by the strain at that time under creep condition,
and the Creep compliance (Ccrp) at any time t is defined as the
strain divided by the stress at that time under creep condition.
Similarly, the relaxation modulus (Erel) at any given time t is
defined as the stress divided by the strain at that time, under
relaxation condition.

This behavior can be modeled using spring(s) and dashpot(s), as
axial members (as a “mechanical analog”), connected in various
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k
s

(a) A spring

η
d

(b) A dashpot

Figure 2.5: A spring and a dashpot.

combinations. The constitutive relationship of a (Hookean) spring
(refer to Figure 2.5(a)) can be represented as,

σ = ksε (2.6)

where, σ = stress in the spring, ks = spring constant, and ε =
strain in the spring. The constitutive relationship of a dashpot
(refer to Figure 2.5(b)) can be represented as,

σ = ηdε̇ (2.7)

where, σ = stress in the dashpot, ηd = viscosity of the dashpot,
and ε̇ = strain rate of the dashpot. Various combinations of spring
and dashpot are used to develop various models. Since these mod-
els are made with elastic (that is, spring) and viscous (that is,
dashpot) components, they are expected to capture the viscoelas-
tic rheologic behavior of the material.

Two component models

A series combination of a spring and a dashpot is known as the
Maxwell model, and a parallel combination of a spring and a dash-
pot is known as the Kelvin–Voigt model. These are discussed in
the following.
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k
s

η
d

Figure 2.6: A Maxwell model.

Maxwell model

A Maxwell model is presented in Figure 2.6. Since, in this model,
the spring and the dashpot are connected in series, the stresses
are equal in each component and the total strain is equal to the
sum of the strains in each of the components. Considering these
two conditions, the constitutive equation can be written as,

σ + σ̇
ηs
ks

= ηdε̇ (2.8)

where, σ = stress in the system and ε = strain in the system. For
a creep case, the condition is σ= constant = σo (say), or σ̇ = 0.
The Equation 2.8, therefore, takes the form

σo = ηsε̇ (2.9)

Using the condition that at t = 0, ε = σo
ηd

, the solution of Equa-
tion 2.9 can be obtained as,

ε(t) =
σo
ηd
t+

σo
ks

(2.10)

It can be seen that Equation 2.10 is an equation of a straight
line and does not depict the typical creep trend (of asphalt mix)

www.EngineeringBooksPdf.com



i
i

i
i

i
i

i
i

2.3. Asphalt mix 25

proposed in Figure 2.4(a). The creep compliance in this case can
be obtained as,

Ccrp(t) = ε(t)/σo

=
1

ηd
t+

1

ks
(2.11)

For the relaxation case, the condition is ε= constant = εo (say),
or, ε̇ = 0. Equation 2.8 takes the form

σ + σ̇
ηd
ks

= 0 (2.12)

Using the condition that at t = 0, σ = ksεo, the solution of Equa-
tion 2.12 can be obtained as,

σ = ksεoe
− kst
ηd (2.13)

The relaxation modulus, therefore, is obtained as,

Erel(t) = σ(t)/εo

= kse
− ks
ηd
t

(2.14)

Kelvin–Voigt model

A Kelvin–Voigt model is presented in Figure 2.7. Since, in this
model, the spring and the dashpot are connected in parallel, the
strains are equal in each component and the total stress is equal to
the sum of the stresses in each of the components. Taking these two
conditions into account, the constitutive equation can be written
as,

σ = ksε+ ηdε̇ (2.15)

Equation 2.15 can be solved for creep condition (in a similar man-
ner as above) and the response of the system can be obtained as
following,

ε =
σo
ks

(
1− e−

ks
ηd
t
)

(2.16)
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k
s

η
d

Figure 2.7: A Kelvin–Voigt model.

Similarly, Equation 2.15 can be solved for the relaxation condition
and the response of the system can be obtained as following,

σ = ksεo (2.17)

It can be seen that Equation 2.17 is an equation of a straight
line (parallel to the time axis) and does not depict the typical
relaxation trend (for asphalt mix) proposed in Figure 2.4(b).

Three component models

A three component model can be composed of a combination of
either two springs and a dashpot or two dashpots and a spring. A
three component model as shown in Figure 2.8 is taken up, here,
for further analysis. In this model a spring (spring constant = k′′)
is connected in series to a parallel arrangement of another spring
(spring constant = k′) and a dashpot (viscosity = ηd). Identifying
the components as 1, 2 and 3, as shown in Figure 2.8, one can
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d
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Figure 2.8: A three-component model.

write,

σ = σ3 = σ1 + σ2

ε1 = ε2

ε = ε3 + ε2

k′s =
σ1

ε1

ηd =
σ2

ε̇2

k′′s =
σ3

ε3
(2.18)

Combining all the above equations, one can obtain the constitutive
relationship as,

σ +
ηd

k′s + k′′s
σ̇ =

k′sk
′′
s

k′s + k′′s
ε+

k′′sηd
k′s + k′′s

ε̇ (2.19)
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Figure 2.9: Sinusoidal loading on rheological material in stress con-
trolled mode.

The solution for the creep case (that is, σ̇ = 0) is obtained as,

ε = σo

(
k′s + k′′s
k′sk

′′
s

(
1− e−

k′s
ηd
t

)
+

1

k′′s
e
− k
′
s
ηd
t

)
(2.20)

The solution for the relaxation case (that is, ε̇ = 0) is obtained as,

σ = εok
′′
se
− k
′
s+k
′′
s

ηd
t
+

k′sk
′′
s

k′s + k′′s
εo

(
1− e−

k′s+k
′′
s

ηd
t

)
(2.21)

Under dynamic loading condition, a phase difference occurs be-
tween the stress and the strain for rheologic materials. Figure 2.9
shows a schematic diagram of a stress controlled dynamic loading.
The stress can be expressed as,

σ = σoe
iωf t (2.22)

where ωf is the angular velocity. The strain developed will have a
phase angle lag of δ. That is,

ε = εoe
i(ωf t−δ) (2.23)

www.EngineeringBooksPdf.com



i
i

i
i

i
i

i
i

2.3. Asphalt mix 29

The energy dissipated per cycle per unit volume can be calculated
as, ∫ 2π

ωf

0

σdε =

∫ 2π
ωf

0

σ
dε

dt
dt

= iπσoεo sin δ (2.24)

which is seen to be contributed from the out-of-phase portion.
For elastic material δ = 0 indicating that the loss of energy due to
dissipation will be zero. The complex modulus (E∗) can be written
as,

E∗ =
σ

ε
=

σoe
iωf t

εoei(ωf t−δ)

=
σo
εo

cos δ + i
σo
εo

sin δ

= E ′ + iE ′′ (2.25)

where, E ′ is defined as the storage modulus, and E ′′ as the loss
modulus. The dynamic modulus is defined as,

Ed = |E∗| =
√

(E ′2 + E ′′2) (2.26)

The phase angle, δ can be obtained as,

δ = tan−1E
′′

E ′
(2.27)

The expression for Ed can be derived for any given model. For
example, incorporating σ = σoe

iωf t (that is, Equation 2.22) and
ε = εoe

i(ωf t−δ) (that is, Equation 2.23) in a three component model
(represented by Equation 2.19), and considering that σ̇ = iωfσ and
ε̇ = iωfε, and further assuming k′s = k′′s = ks (say), one obtains,

E∗ =
k2
s + iωfηdks

2ks + iωfηd
(2.28)

and this can be expressed in E ′ + iE ′′ form, as

E∗ =
2ks + ksω

2
fη

2
d

4k2
s + ω2

fη
2
d

+ i
ωfηdk

2
s

4k2
s + ω2

fη
2
d

(2.29)
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Thus, the Ed (refer to Equation 2.26) is obtained as,

Ed = |E∗| (2.30)

=

[
(2ks + ksω

2
fη

2)2 + (ωfηdk
2
s)

2
] 1

2

4k2
s + ω2

fη
2

(2.31)

and the phase angle (refer to Equation 2.27) is obtained as,

δ = tan−1

(
ωfηdks

2 + ω2
fη

2
d

)
(2.32)

The Ed value of the asphalt mix is dependent on a number of
parameters, for example, aggregate gradation, asphalt binder vis-
cosity, temperature, volumetric parameters, level of compaction,
and so on. A number of predictive models have been developed to
estimate the Ed value of the asphalt mix from the known parame-
ters. Interested readers can refer to, for example, [19, 41, 149] etc.
for more details.

Generalized models

In generalized models a large/infinite number of components are
used. An example of a generalized Maxwell model is shown in
Figure 2.10. Here, a number of Maxwell elements are connected in
parallel. For this model, for the relaxation case, one can write,

ε1 = ε2 = · · · = εi = · · · = εo

σ = σ1 + σ2 + · · ·+ σi + · · · (2.33)

Thus, the relaxation response can be written as,

σ(t) =
∑
∀i

σi = εo
∑
∀i

kise
−kis
ηi
d

t
(2.34)
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ηi

d

ki

s

21 3 4 i

Figure 2.10: A generalized Maxwell model.
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Figure 2.11: A generalized Kelvin model.

One can add various other components to the model, for example,
if another spring is added in parallel, it is known as a Wiechert or
Maxwell–Weichert model.

An example of a generalized Kelvin model is shown in Figure 2.111.
For this model, for a creep case, one can write,

σ1 = σ2 = · · · = σi = · · · = σo

ε = ε1 + ε2 + · · ·+ εi + · · · (2.35)

1Variants are possible and one can add various other components
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Thus, the creep response can be written as,

ε(t) =
∑
∀i

εi = σo
∑
∀i

1

kis

(
1− e

− k
i
s
ηi
d

t

)
(2.36)

Other than the above examples of two-component, three-
component and generalized models discussed, various other combi-
nations of components are possible, and accordingly various mod-
els have been proposed (for example, the Burger model, the Huet
model, the Huet–Sayegh model and so on). Researchers use var-
ious models to capture the time-dependent behavior of asphaltic
material. One can refer to [55, 149] for example, for further study.

Linear viscoelasticity

A rheologic material can be called linearly viscoelastic, if the fol-
lowing two conditions are satisfied.

• Homogeneity: For a stress controlled experiment, double the
strain is observed at a particular time, if double the original
stress has been applied. Similarly, for a strain controlled ex-
periment, double the stress is observed at a particular time,
if double the original strain has been applied.

• Superposition: The response at a given time to a number of
individual excitations applied at different times is the sum
of the responses that would have occurred by each excitation
acting alone at those respective timings.

The application of conditions of linear viscoelasticity gives rise to
Boltzman’s linear superposition principle. This is explained in the
following.
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Figure 2.12: A strain-controlled thought experiment.

Figure 2.12 shows a strain controlled thought experiment on any
rheologic material, like asphalt mix. In this experiment, an in-
cremental strain of ∆ε1 is applied at time t = ζ1, then, another
incremental of strain ∆ε2 is applied at time t = ζ2 and so on.

If these cause increments of stress by ∆σ1, at time t = ζ1 and
then, ∆σ2 at t = ζ2 and so on, then, by using the above mentioned
conditions of linear viscoelasticity, one can add for all these time
steps to obtain,

∆σ1 = Erel (t− ζ1) ∆ε1

∆σ2 = Erel (t− ζ2) ∆ε2

and so on.
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34 Chapter 2. Material characterization

Assuming that the initial stress level of the material was zero (that
is, σ|t=−∞ = 0) in this experiment, one can write,

σ(t) = σ|t=−∞ +
∑
∀i

Erel(t− ζi)∆εi (2.37)

Thus, if a varying strain is applied to a rheologic material, it can
be discretized into small time steps, and the above formulation
(Equation 2.37) can be used to obtain the stress at a time t. In a
similar manner, for a stress controlled experiment, one can derive,

ε(t) = ε|t=−∞ +
∑
∀i

Ccrp(t− ζi)∆σi (2.38)

For a continuous domain, these equations can be equivalently writ-
ten as,

σ(t) =

∫ t

−∞
Erel(t− ζ)

dε(ζ)

dζ
dζ (for a strain controlled case)

(2.39)

ε(t) =

∫ t

−∞
Ccrp(t− ζ)

dσ(ζ)

dζ
dζ (for a stress controlled case)

(2.40)

This is known as Boltzman’s superposition principle for linear
viscoelastic material. By taking the Laplace transform to Equa-
tions 2.39 and 2.40 one obtains [84],

σ(s) = sErel(s)ε(s) (2.41)

ε(s) = sCcrp(s)σ(s) (2.42)

where, σ(s), ε(s), Erel(s), Ccrp(s) are the stress, strain, relaxation
modulus and creep modulus in the Laplacian domain. From Equa-
tions 2.41 and 2.42 one can write,

Ccrp(s) Erel(s) =
1

s2
(2.43)

It is interesting to note that in general Erel 6= 1
Ccrp

(except for

some special situations), but, Ccrp and Erel, for linearly viscoelastic
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2.3. Asphalt mix 35

material maintains the above (given by, Equation 2.43) relation-
ship in the Laplacian domain.

Equation 2.43 provides a link between the moduli value obtained
from creep and relaxation tests for linear viscoelastic material.
For a gluon expression for the creep response, it may be possi-
ble to find out the expression for the relaxation response, with-
out using the component structure of the model. Some illustra-
tive problems are presented below. One may refer to, for example,
[84, 161, 203] for further studies on the concepts of linear viscoelas-
ticity and various inter-relationships that may exist among the
parameters.

Example problem

A stress of magnitude σo is applied at t = ζ1 on a rheologic mate-
rial (which was initially stress-free) given as Equation 2.15, then
withdrawn at t = ζ2 (refer to Figure 2.13). Predict the strain re-
sponse.

S
tr

e
s
s

Timet = ζ
1

t = ζ
2

σ
o

Figure 2.13: A stress of magnitude σo applied at t = ζ1 on a
rheologic material, then withdrawn at t = ζ2.
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Solution

Equation 2.15 represents a Kelvin–Voigt model, whose creep re-
sponse is given by Equation 2.16. From Equation 2.16 one can
write,

Ccrp =
1

ks

(
1− e−

kst
ηd

)
(2.44)

Using Equation 2.38, one can write,

ε(t) =
σo
ks

(
1− e−

ks(t−ζ1)
ηd

)
for ζ2 < t < ζ1 (2.45)

ε(t) =
σo
ks

(
e
− ks(t−ζ2)

ηd − e−
ks(t−ζ1)

ηd

)
for t > ζ2 (2.46)

The above strain response is shown schematically in Figure 2.14.
Since the Kelvin–Voigt model has a spring and a dashpot con-
nected in parallel (and no springs in series), the strain response
does not show any (i) instantaneous deformation on the applica-
tion of stress and (ii) instantaneous recovery on the withdrawal of
stress (refer to Figure 2.14).

Example problem

A stress of magnitude σo is applied over a rheologic material (which
was initially stress-free) over a period of ζ1 as shown in Figure 2.15.

If Ccrp =
(

t
ηd

+ 1
ks

)
for the material, estimate the strain at time t,

for t > ζ1.
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Figure 2.14: Strain response of Kelvin–Voigt model with a stress
of magnitude σo applied at t = ζ1 and then withdrawn at t = ζ2.
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Figure 2.15: A stress of magnitude σo is applied linearly by t = ζ1

to a rheologic material.
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Solution

The strain at time t (where, t > ζ1) is given as,

εt|t>ζ1 =

∫ ζ1

0

(
t− ζ
ηd

+
1

ks

)
σo
ζ1

dζ +

∫ t

ζ1

(
t− ζ
ηd

+
1

ks

)
0 dζ

= σo

(
(t− ζ1/2)

ηd
+

1

kd

)
(2.47)

Example problem

Creep compliance of a rheological model is given as

Ccrp(t) =
t

ηd
+

1

ks

Find an expression for the relaxation modulus (Erel(t)).

Solution

After taking the Laplace transformation one obtains,

Ccrp(s) =
1

ηds2
+

1

kss

Using Equation 2.43 one obtains,

Erel(s) =
1

s2Ccrp(s)

=
ks

ks
η

+ s

By taking an inverse Laplace transform one obtains,

Erel(t) = kse
−ks
η
t
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Example problem

A load of σ(t) = σoe
iωf t is applied on a three component model

(shown in Figure 2.8). The creep response of the model is given as
Equation 2.20. Calculate the E∗ using Boltzman’s superposition
principle. Assume k′s = k′′s = ks.

Solution

Considering Equation 2.20 and assuming k′s = k′′s = ks

Ccrp =

(
2

ks

(
1− e−

ks
ηd
t
)

+
1

ks
e
− ks
ηd
t

)
=

1

ks

(
2− e−

ks
ηd
t
)

(2.48)

From Equation 2.40, one can write,

ε(t) =

∫ t

−∞

1

ks

(
2− e−

ks
ηd

(t−ζ)
)

(iωfζ)σoe
iωf ζdζ

=
σoe

iωf t

ks

(
2− 1

ks
ηd

+ iωf

)

=
σ(t)

ks

(2ks + iωfηd)

(ks + iωfηd)
(2.49)

Or,

σ(t)

ε(t)
=
k2
s + iωfηdks

2ks + iωfηd
= E∗ (2.50)

It may be noted that the above expression for E∗ (that is, Equa-
tion 2.50) obtained using Boltzman’s superposition principle is the
same as Equation 2.28.

Time–temperature superposition

The response of an asphaltic material shows dependency on time
as well as on temperature. For example, the variation of creep
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Figure 2.16: Schematic diagram illustrating the principle of time–
temperature superposition.

compliance at different times and at two temperatures (say, T ′ and
T ′′, where, T ′ > T ′′) has been plotted schematically in Figure 2.16.
From Figure 2.16, it can be seen that at a given temperature,
say at T ′′, the Ccrp at time t′ is lower than that of time t′′, (i.e.,
C ′crp < C ′′crp)—this is because, as time increases the strain keeps
on increasing. Further, it can be seen that at a given time, say at
t′, the Ccrp at temperature T ′′ is lower than that of temperature
T ′ (i.e., C ′crp < C ′′crp)—this is because, if the temperature is higher,
the strain will be more at the same given time.

This behavior speaks for an equivalency that may exist between
time and temperature, for example, the Ccrp measured at time
t′′ at temperature T ′′ is equal to the Ccrp measured at time t′ at
temperature T ′ (and its value is C ′′crp, as shown in Figure 2.16).
That means, one may perform a test at a specific temperature
and time to obtain a rheological parameter for some other tem-
perature and time. This forms the basis of time-temperature
superposition.
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2.3. Asphalt mix 41

Thus, a relationship between the two time scales can be proposed
as,

t′ =
t′′

αT
(2.51)

ln(t′) = ln(t′′)− ln(αT ) (2.52)

where, t′ can be called the reduced time of t′′ for shifting the test
temperature from T ′′ to T ′, and αT is called the time-temperature
shift factor. Obviously, αT is a function of these two temperatures,
so one of them can be treated as a standard temperature. Material
for which αT value is not a dependent of time, can be called as a
thermorheologically simple material.

Certain formulations are proposed for calculation of αT for thermo-
rheologically simple material. The following two formulae are typ-
ically used for asphalt mixes. The Williams–Landel-Ferry (WLF)
equation is given as [308],

loge(αT ) =
−C1

(
T − Tref

)
C2 +

(
T − Tref

) (2.53)

where, loge(αT ) is the natural logarithm of αT , Tref is the reference
temperature, T is a temperature where αT is being determined,
and C1 and C2 are constants.

The Arrhenius Equation [85, 315] is given as,

loge(αT ) =
∆H

loge(10)U

(
1

T
− 1

Tref

)
(2.54)

where ∆H is the apparent activation energy, and U is the universal
gas constant.

If rheological tests are conducted at various temperatures2, it is
possible (and, more easily for a thermo-rheologically simple mate-
rials) to develop the complete spectrum of rheologoical behavior of

2depending on the test convenience and available experimental facilities.
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42 Chapter 2. Material characterization

the material at any specified reference temperature (Tref). This is
known as the master curve. Further, for dynamic testing it is pos-
sible to establish equivalency with the frequency of loading (wf )
to time (for tests with static loading conditions) or temperature.
One can, for example, refer to [149, 203, 219, 245, 291] on the (i)
development of a master curve, (ii) interconversion between time,
temperature, frequency, and (iii) techniques to obtain the curve fit
parameters.

Discussions

Simple rheological models have been presented and some of these
are used as descriptors of rheological behavior of asphalt mix [316,
321]. However, asphalt mix, as well as asphalt binder, show a more
complex behavior in terms of their dependency on time, tempera-
ture, and stress state. Further, asphalt mix is an anisotropic [292]
and heterogeneous [10] material. Researchers have been trying to
develop various models to capture the response and damage mech-
anism of this complex material [17, 71, 76, 150, 157, 192, 242].
Interested readers may refer to [149, 156] for a review and further
study on rheological modeling of asphalt mix (and asphalt binder).

2.3.2 Fatigue characterization

Bound materials (like asphalt mix) undergo fatigue damage due to
repetitive application of load. In the laboratory, the loading may
be applied in a stress or strain controlled manner on samples of
various geometries. The repetitive loading may be flexural, axial,
or torsional in nature; however, flexural fatigue loading is generally
used for pavement engineering applications. Loading can be simple
(where stress or strain amplitude level is maintained constant) or
compound (where stress or strain amplitude level is varied during
the course of testing) in nature.

Figure 2.17 shows typical fatigue characteristics of bound ma-
terials due to simple flexural fatigue loading. The fatigue life is
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Figure 2.17: Schematic diagram showing a possible fatigue behav-
ior of bound materials in simple flexural fatigue testing.

generally expressed as the number of repetitions at which the elas-
tic modulus reaches a predefined fraction of the original elastic
modulus value [2, 176]. The stress ratio is defined as the ratio
between the applied stress amplitude (for constant stress ampli-
tude testing) and the flexural strength (known as the modulus of
rupture) of the bound material. From Figure 2.17 it can be seen
that if the strain (or stress ratio) level is high, the fatigue life is
expected to be low and vice versa. Typically, strain is used as a
parameter for fatigue characterization of asphalt material, and the
stress ratio is used for cement concrete or cemented material. It
has been observed that at a very low level of strain (or stress ra-
tio), the sample does not fail due to such repetitive loading3 and
this is known as the endurance limit. This property later formed
the basis of perpetual pavement design [209, 300].

3That is, the fatigue life virtually becomes infinity.
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44 Chapter 2. Material characterization

For compound fatigue loading, the following empirical relationship
generally satisfies,∑

∀i

ni
Ni

≈ 1 (2.55)

where, ni = the number of repetitions applied at a given strain (or
stress ratio) level, and Ni is the fatigue life of the material at that
strain (or stress ratio) level. Equation 2.55 was originally devel-
oped based on experiments conducted on aluminum [200], and sub-
sequently adopted in pavement engineering for characterizing the
fatigue behavior of asphalt mix, cement concrete, and cemented
material [67, 98, 124, 206, 217, 269, 281]. By using Equation 2.55
one assumes that fractional damages caused due to repetitions at
various levels of strains (or stresses) are linearly accumulative [82].

A significantly large number of research studies is available on
fatigue characterization of asphaltic material, covering the issues
related to the mode/process of testing [2, 67, 191, 236, 269], fac-
tors affecting the fatigue behavior [70, 176, 236], variability in test
results [67, 236, 269], fracture and damage modeling of asphalt
mix [57, 95, 150, 235], stiffness reduction [2, 176], asphalt heal-
ing [118, 151], endurance limit [309] and so on. One can refer to
articles, like [15, 156, 177] for an overview on the fatigue behavior
of asphalt mix.

2.4 Cement concrete and cemented

material

Cement concrete is made up of aggregates, cement, admixtures
(if required) and water. Hydration of cement and the subsequent
hardening contribute to the strength of the material. Cement con-
crete, in a hardened state, is characterized by its elastic modulus,
compressive strength, tensile strength, bending strength (that is,
modulus of rupture) etc. Empirical equations are suggested for the
interrelationships between these physical properties [5, 207, 208].
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2.5. Closure 45

An elastic modulus of cement concrete can be measured as a tan-
gent modulus, a secant modulus or, dynamic modulus [207]. Fa-
tigue performance of cement concrete is an important considera-
tion in the concrete pavement design [1, 132, 206, 211, 217, 281,
285]. One can, for example, refer to textbooks such as [207, 208]
etc. for a detailed study of the properties and characterization of
cement concrete.

Cemented materials (generally locally available/marginal materi-
als are utilized as the bound form) are bound material, hence these
can be characterized in a manner similar to other bound material.
Interested readers can refer to, for example [86, 106, 169, 217], for
further study on the characterization of cemented material and its
application in pavement construction.

2.5 Closure

This chapter has discussed the concept of “elastic modulus” (stiff-
ness) of various materials used for road construction. The elastic
moduli of materials are used as an essential input during pave-
ment analyses discussed in subsequent chapters (Chapters 3 to 6).
The issues related to time dependency (for asphaltic material)
and stress dependency (for unbound granular material) of elastic
modulus have been highlighted. Pavement layers undergo damage
(for example, damage due to fatigue for bound materials, perma-
nent deformation, etc.). Generally, such damages propagate with
the load repetitions. The number of repetitions a pavement can
sustain until failure is an important consideration in pavement
design. This will be discussed further in Chapter 7. Considerable
literature is available on the choice of Poisson’s ratio value of pave-
ment materials [1, 32, 141, 201, 207]; there are instances where the
Poisson’s ratio value is measured as more than 0.5 [178, 294]. It is
generally considered that variation of Poisson’s ratio values does
not significantly affect the pavement analysis results [201].
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Chapter 3

Load stress in concrete
pavement

3.1 Introduction

Concrete pavements are often idealized as beams or plates on an
elastic foundation. Numerous hypothetical springs placed at the
bottom of the beam/plate represent the elastic foundation for such
models. In this chapter, first the analysis of a beam resting on an
elastic foundation is presented, followed by analysis of a thin plate
resting on elastic foundation. Further, it is discussed how the plate
theory can be utilized for analysis of an isolated concrete pavement
slab (of finite dimension) resting on a base/sub-base.

3.2 Analysis of beam resting on elastic

foundation

A beam is a one-dimensional member. A schematic diagram
of a beam (of unit width) resting on numerous springs with
spring constant k (known as Winkler’s model, discussed later in

47
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48 Chapter 3. Load stress in concrete pavement

X

Z

Q

Figure 3.1: A beam resting on numerous springs is acted on by a
concentrated load Q.

Section 3.2.1) subjected to a pointed loading Q at x = 0 is pre-
sented as Figure 3.1. The free-body diagram of a portion of the
beam (other than the load application point) is shown in Fig-
ure 3.2. The moment (M) and shear force (V ) are shown in the
free-body diagram. The upward force of the spring on the element
of length dx is ωkdx, where ω is the displacement of the beam in
the Z direction. From Figure 3.2, using the force equilibrium one
can write,

V − (V + dV ) + kωdx = 0 (3.1)

Taking the moment equilibrium one obtains,

V =
dM

dx
(3.2)

Putting Equation 3.2 in Equation 3.1 and considering that
EI d

2ω
dx2

= −M , (that is, for the Euler−Bernoulli beam) one ob-
tains,

EI
d4ω

dx4
− kω = 0 (3.3)

where, EI is the flexural rigidity of the beam. This is a widely
used basic expression for a beam resting on an elastic foundation
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3.2. Analysis of beam resting on elastic foundation 49

X

M M+dM

V
V+dV

Z

dx

kwdx

Figure 3.2: Free-body diagram of dx elemental length of the beam
presented in Figure 3.1.

applied to foundation engineering [109, 136, 144, 247]. The general
solution of Equation 3.3 is given as,

ω = eλx (c1 cosλx+ c2 sinλx)+e−λx (c3 cosλx+ c4 sinλx) (3.4)

where, λ =
(

k
4EI

) 1
4 , and c1, c2, c3 and c4 are constants. These con-

stants can be determined from the boundary conditions pertaining
to the specific geometry of the problem. Considering one side of
the beam (for instance, the right side) with respect to the load
application point of the infinite beam (as shown in Figure 3.1),
one can write the following boundary conditions and subsequently
derive the following results [109].

• limx→∞ ω = 0. This condition leads to c1 = c2 = 0. Thus,
the equation reduces to ω = e−λx (c3 cosλx+ c4 sinλx)

• Due to symmetry, dω
dx
|x→0= 0 . This leads to c3 = c4 = c

(say)

• Total upward force generated by the springs must be equal
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50 Chapter 3. Load stress in concrete pavement

to the downward force Q applied, that is, 2
∫∞

0
kω dx = Q.

This leads to c = Qλ
2k

Hence, the expression for deflection of an infinite beam resting on
an elastic foundation is obtained as,

ω =
Qλ

2k
e−λx (cosλx+ sinλx) (3.5)

It may be noted that the developed equation (Equation 3.5) is
valid only for the right side (i.e., x ≥ 0) of the infinite beam.
In a similar manner, an expression can be developed for the left
side of the beam. Then, the first boundary condition changes as,
limx→−∞ = 0; the other two conditions remain the same. From
these boundary conditions, the constants are obtained as c3 =
c4 = 0, and c1 = −c2 = Qλ

2k
. The equation (for the left side of the

infinite beam from x = 0) takes the form of,

ω =
Qλ

2k
eλx (cosλx− sinλx) (3.6)

Equations 3.5 or 3.6 can be utilized (by successive differentiation)
to obtain the rotation, bending moment, and shear profile [109].
The maximum deflection is under the load and is obtained as,

ωmax =
Qλ

2k
(3.7)

In case there is a uniformly distributed loading (instead of point
loading) of q per unit length, the deflection can be obtained by
integration.

For the loading diagram shown as in Figure 3.3, the deflection at
AA′ (ωAA′) can be obtained by using superposition of deflection
calculated from Equations 3.5 and 3.6, and can be expressed as
follows:

ωAA′ =

∫ n

0

qλ

2k
e−λx (cosλx+ sinλx) dx

+

∫ m

0

qλ

2k
eλx (cosλx− sinλx) dx (3.8)
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3.2. Analysis of beam resting on elastic foundation 51

n m

A'

dx x

A
q

Z

X

Figure 3.3: Analysis of an infinite beam with distributed loading.

If the section AA′ is outside the loaded area (of length n + m),
Equation 3.5 or 3.6 needs be used with appropriate integration
limits. Further, the beam can be assumed as semi-infinite (that is,
the beam has a definite ending at one side, and the other side is
infinite), or finite (that, is the beam has a finite length). In such
cases, an appropriate boundary condition can be used. Alterna-
tively, one can solve it as a superposition of two infinite beams.
One can refer to [109, 247], for example, for the details of the
various approaches.

Such one dimensional analysis is useful, for example, for analysis
of the problem of the dowel bar. Figure 3.4 illustrates how a single
dowel bar can be idealized as a finite beam resting on an elastic
foundation. However, additional considerations are involved in the
dowel bar analysis problem (refer to Figure 3.4), for example, (i)
there is a discontinuity of support in the middle portion, (ii) one
side of the dowel bar is embedded in concrete but the other side
is free to move horizontally, (iii) the wheel load does not directly
act on the dowel bar, etc. Interested readers can refer to past
works by Friberg [87, 88] and Bradbury [27] and a relatively recent
study by Porter [223] on dowel bar analysis and the assumptions
involved.

In line with the development of Equation 3.3, an equilibrium con-
dition of a beam (refer to Equation 3.1) with an arbitrary loading
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52 Chapter 3. Load stress in concrete pavement

Wheel

Concrete slab Concrete slab

Dowel bar

(a) Schematic diagram of a dowel bar in a concrete slab

(b) Idealized representation of dowel bar  

Q

Gap = z
s

Figure 3.4: Idealization of a dowel bar for analysis.

(of q per unit length, which may include self-weight) and arbi-
trary foundation support (of p per unit length) condition (refer to
Figure 3.5) can be written as:

dV

dx
= p− q (3.9)

Or,

EI
d4ω

dx4
= q − p = q∗ (3.10)

q  

p  

Figure 3.5: A beam with an arbitrary loading.
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3.2. Analysis of beam resting on elastic foundation 53

where, q∗ is the net loading per unit length in the downward di-
rection. Depending on the foundation support, the expression for
p may become different. It may be noted that if p = 0, it becomes
equivalent to the beam bending equation, without any spring sup-
port. Winkler, Pasternak, and Kerr are the examples of different
types of supports, and are briefly discussed in the following.

3.2.1 Beam resting on a Winkler foundation

Unconnected (linear) springs are known as Winkler’s springs [124,
142, 144, 182]. Formulation for a beam resting on a Winkler spring
for a pointed loading was already discussed in the beginning of
this section (Section 3.2). That is, for a Winkler spring, p = kω.
Thus, a beam resting on a Winkler spring subjected to loading q
(following Equation 3.3) can be represented as,

EI
d4ω

dx4
= q − kω (3.11)

The Winkler spring constant (k) used here in the formulation in-
dicates the pressure needed on the spring system to cause unit
displacement.1 Its unit is therefore MPa/mm. As discussed in Sec-
tion 2.2, the modulus of subgrade reaction (k) is also the pressure
needed to cause unit deformation to the medium (that is, subgrade
or sub-base or base layer). Thus, the spring constant used in the
present formulation is conceptually equivalent to the modulus of
subgrade reaction of the supporting layer.

One can refer to the paper written by Terzaghi [270] for a de-
tailed discussion on the evaluation of the k value. Non-uniqueness
of the modulus of the subgrade reaction in terms of the prediction
of the (i) deflected shape (especially at the edges and corners of
the slab) or (ii) stresses, is an issue raised by past researchers.

1The Winkler model is also known as the dense liquid model, and k repre-
sents the pressure needed to cause unit vertical displacement to a hypothetical
floating body against buoyancy.
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X

Z

(b) Free body diagram of an element of the shear layer

V'+dV'

pdx

V'

kwdx

dx

Shear layer

(a) A beam resting on a Pasternak 
foundation

Figure 3.6: A beam resting on a Pasternak foundation and a free-
body-diagram of the shear layer.

One can, for example, refer to [62, 117, 233] for discussions on
the issues involved. This has prompted researchers in the past to
develop multi-parameter models to capture the response of struc-
tures resting on soil. Some of these are discussed in the following.

Beam resting on a Pasternak foundation

In a Pasternak foundation, it is assumed that there is a hypothet-
ical shear layer placed at the top of the spring system (refer to
Figure 3.6(a)). Thus, considering the equilibrium of an element of
length dx of shear layer (refer to Figure 3.6(b)), one can write,

pdx− V ′ + (V
′
+ dV

′
)− kωdx = 0

p = kω − dV
′

dx
(3.12)
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3.2. Analysis of beam resting on elastic foundation 55

If the shear force developed within the shear layer is assumed to
be proportional to the slope, then it can be written,

V
′
= Gs

dω

dx
(3.13)

where Gs is the shear modulus of the foundation. Putting Equa-
tion 3.13 in Equation 3.12, one obtains,

p = kω −Gs
d2ω

dx2
(3.14)

Putting, Equation 3.14 in Equation 3.10 (i.e., the general equation
for a beam resting on an elastic foundation) the equation for a one-
dimensional beam resting on a Pasternak foundation becomes,

EI
d4ω

dx4
−Gs

d2ω

dx2
+ kω = q (3.15)

One can refer to, for example, [37] for the solutions for various
problem geometries on a Pasternak foundation.

3.2.2 Beam resting on a Kerr foundation

The Kerr foundation model [144, 145] consists of two layers of
Winkler springs (with spring constants k1 and k2, say) with a shear
layer in between (refer to Figure 3.7(a)). The free-body diagram of
an element of length dx of the shear layer in the Kerr foundation
is shown in Figure 3.7(b). The pressures transmitted on the top
and the bottom of the shear layer are shown as p1 and p2, and the
displacements that the top and the bottom set of springs undergo
are ω1 and ω2 respectively.

Considering the equilibrium of the shear layer,

p1 − p2 = −dV
′

dx

= −Gs
dω2

dx
(Similar to Equation 3.13) (3.16)
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X

Z

(b) Free body diagram of an element of the shear layer

V'+dV'

p1dx

V'

dx
Shear layer

(a) A beam resting on a Kerr 
foundation

p2dx

k1

k2

Figure 3.7: A beam resting on a Kerr foundation and a free-body
diagram of the shear layer.

Further,

ω = ω1 + ω2 (3.17)

where, ω is the deflection of the beam. The spring conditions can
be written as,

p1 = k1ω1

p2 = k2ω2

Putting Equations 3.17 and 3.18 in Equation 3.16, one can write

p1 = k2ω2 −G
d2ω2

dx2

= k2

(
ω − p1

k1

)
−G d2

dx2

(
ω − p1

k1

)
(3.18)

Putting Equation 3.18 in Equation 3.10 (i.e., the general equation
for a beam resting on an elastic foundation and considering that
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3.2. Analysis of beam resting on elastic foundation 57

p = p1 in the present case) it can be written as,

GsEI

k1

d6ω

dx6
−
(

1 +
k2

k1

)
EI

d4ω

dx4
+Gs

d2ω

dx2
− k2ω

=
G

k1

d2q

dx2
−
(

1 +
k2

k1

)
q (3.19)

3.2.3 Various other models

There is a large number of models of beams on elastic founda-
tions (for example, the Filonenko–Borodich model, the Vlasov
model, the Rhines model, the Reissner model, the Heténi model,
etc., some of which are continuum models) and varieties of solu-
tion techniques proposed and studied by various researchers [73,
137, 237, 299]. Interested readers may refer to, for example, pa-
pers/reports such as [124, 142, 144, 153] for a review of various
types of foundation models, or refer to the book by Selvadurai [247]
for a detailed discussion.

If a beam resting on a Winkler spring is subjected to tensile axial
force N , it can be shown (from the free-body diagram, in a similar
manner the other equations are developed) [109],

EI
d4ω

dx4
−N d2ω

dx2
+ kω = q (3.20)

It can be seen that the form of Equation 3.20 is similar to Equa-
tion 3.15 (hence the solution approach will be similar), even though
these have been derived for two different types of problems.

Starting from the above approach, models can be further devel-
oped to represent a geotextile/geogrid placed within the shear
layer [179, 181]. Other than the spring models (generally classified
as “lumped parameter models”), continuum models are also used
to represent subgrade support. This will be discussed in Chapter 5.
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58 Chapter 3. Load stress in concrete pavement

3.3 Analysis of a thin plate resting on

an elastic foundation

Concrete slabs are generally idealized as thin plates resting on elas-
tic foundations. In the following, the theory of thin plates resting
on elastic foundations (a Winkler, Pasternak or Kerr foundation)
has been presented. The principles and formulations of plate the-
ories are widely used in practice and research. One can refer to,
for example, [99, 134, 247, 276, 295] for detailed discussions. Here,
the discussion on the theory of plate has been kept brief, and in-
terested readers may refer to the above books, for instance, for
further study.

The assumptions a for thin plate with a small deflection are as
follows [99, 134, 153, 247, 276],

• The thickness of the plate (h) is small compared to its other
dimensions.

• The deflection ω is small compared to the thickness of the
plate.

• The middle plane does not get stretched due to the applica-
tion of load.

• Plane sections perpendicular to the middle plane remain
plane before and after bending.

• The plate can deform in only two ways; it can expand or con-
tract axially, or it can bend with its cross section remaining
a plane. Therefore, normal stresses along the transverse di-
rection can be ignored i.e., σzz = 0.

3.3.1 Plate resting on a Winkler foundation

The thickness of the plate is h and its middle plane assumed to
coincide with the X−Y plane, therefore z varies from −h

2
to h

2
. The
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3.3 Analysis of a thin plate resting on an elastic foundation 59

X

Z

w

αz

u

h

Figure 3.8: Deflected position of an element of a thin plate.

deflection of the plate is assumed as u and v in the directions of X
and Y respectively. Figure 3.8 shows an element of the deflected
plate and deflection is shown along the X direction only. From
Figure 3.8, one can write,

u = −z sinα

≈ −z tanα

≈ −z δω
δx

(3.21)

Similarly, there will be deflection along the Y direction, hence

v ≈ −z δω
δy

Using Equations 3.21 and 3.22 in Equation 1.18, one can write,

εxx = −z δ
2ω

δx2

εyy = −z δ
2ω

δy2
(3.22)

γxy = −z δ
2ω

δxδy
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60 Chapter 3. Load stress in concrete pavement

Substituting the expressions in Equation 3.22 in Equation 1.30
(that is, for plane stress conditions), one obtains,

σxx = − Ez

1− µ2

(
δ2ω

δx2
+ µ

δ2ω

δy2

)
σyy =

E

1− µ2
(εyy + µεxx) = − Ez

1− µ2

(
δ2ω

δy2
+ µ

δ2ω

δx2

)
(3.23)

τxy =
Eγxy

2(1 + µ)
= − Ez

2(1 + µ

δ2ω

δxδy)

Using Equation 3.23, the moments are obtained as,

Mxx =

∫ h
2

−h
2

σxxzdz

= − Eh3

12(1− µ2)

(
δ2ω

δx2
+ µ

δ2ω

δy2

)
= −D

[
δ2ω

δx2
+ µ

δ2ω

δy2

]
(3.24)

where, D = Eh3

12(1−µ2)
is the flexural rigidity of a plate.

Myy =

∫ h
2

−h
2

σyyzdz

= − Eh3

12(1− µ2)

(
δ2ω

δy2
+ µ

δ2ω

δx2

)
= −D

[
δ2ω

δy2
+ µ

δ2ω

δx2

]
(3.25)

Mxy =

∫ h
2

−h
2

σxyzdz

=
Eh3

12(1 + µ)

δ2ω

δxδy
= D(1− µ)

δ2ω

δxδy
(3.26)

Equations 3.24 to 3.26 are the widely used moment equations in
thin plate theories. It may be recalled that in the present case the
thin plate is assumed to be resting on an elastic foundation. Let
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3.3 Analysis of a thin plate resting on an elastic foundation 61

the net vertical downward pressure be assumed as q∗ per unit area
(that is q∗ = q−p, where q is the applied load per unit area), which
may include the self-weight of the slab, and p is the foundation per
unit area support, provided by the springs (for example, Winkler,
Pasternak, Kerr, etc.) per unit area.

Figure 3.9 shows the various forces and moments acting on a small
element (dx × dy) of the plate. The assumed positive directions
are also shown on the diagram. For the purpose of clarity, the
diagram has been divided in three parts (a), (b), and (c). It may
be noted that the moments and shear forces are acting per unit
length, whereas q∗ is acting per unit area. By taking vertical force
equilibrium (refer Figure 3.9(a)), one obtains,

δVxx
δx

dxdy +
δVyy
δy

dxdy + q∗dxdy = 0

Or,
δVxx
δx

+
δVyy
δy

= −q∗ (3.27)

By taking moment along DC one obtains,

−δMyy

δy
dxdy +

δMxy

δx
dxdy + Vyydxdy − q∗dxdy

dy

2

−δVxx
dx

dxdy
dy

2
= 0

(3.28)

Neglecting smaller order terms and rearranging,

δMxy

δx
− δMyy

δy
+ Vyy = 0 (3.29)

Similarly, by taking moment along BC one obtains,

δMxx

δx
dxdy +

δMyx

δy
dxdy − Vxxdxdy − q∗dxdy

dx

2

−δVyy
dx

dxdy
dx

2
= 0

(3.30)
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Figure 3.9: Free-body diagram of an element of a thin plate.
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3.3 Analysis of a thin plate resting on an elastic foundation 63

Similarly, neglecting smaller order terms and rearranging,

δMxx

δx
+
δMyx

δy
− Vxx = 0 (3.31)

Putting Equations 3.29 and 3.31 in Equation 3.27, one obtains [99,
134, 247, 276],

δ2Myy

δy2
− δ2Mxy

δxδy
+
δ2Mxx

δx2
+
δ2Myx

δxδy
+ q∗ = 0

Or,
δ2Mxx

δx2
− 2

δ2Mxy

δxδy
+
δ2Myy

δy2
+ q∗ = 0 (3.32)

since, Mxy = −Myx

Now, putting expressions for Mxx, Myy and Mxy from Equa-
tions 3.24, 3.25 and 3.26 respectively, one obtains [99, 134, 247,
276]

−D δ2

δx2

[
δ2ω

δx2
+ µ

δ2ω

δy2

]
− 2D(1− µ)

δ4ω

δx2δy2

−D δ2

δy2

[
δ2ω

δy2
+ µ

δ2ω

δx2

]
+ q∗ = 0

Or, −D
[
δ4ω

δx4
+ 2

δ4ω

δx2δy2
+
δ4ω

δy4

]
+ q∗ = 0

Or, D∇4ω = q∗ (3.33)

where, ∇2 = δ2

δx2
+ δ2

δy2

The Equation 3.33 is a well-known equation for a plate resting
on spring foundation [99, 134, 247, 276, 295]. For the Winkler’s
foundation case, the equation can be rearranged as,

D∇4ω + kω = 0 (3.34)

The equation can also be written as,

l4∇4ω + ω = 0 (3.35)
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Figure 3.10: Free-body diagram of the shear layer of a two-
dimensional Pasternak foundation.

where, l = Eh3

12(1−µ2)k
. l is known as the radius of relative stiff-

ness [126, 304].

Further, the cases of plates resting on Pasternak and Kerr founda-
tions are discussed briefly in the following sections. Proceeding in
the similar manner in a cylindrical coordinate system one can also
show that the Equation 3.33 holds, where, ∇2 = ∂2

∂r2
+ 1

r
∂
∂r

+ 1
r2

∂2

∂θ2
.

One can, for example, refer to [134, 276] for the derivation.

3.3.2 Plate resting on a Pasternak foundation

The free-body diagram of the shear layer for a two-dimensional
Pasternak foundation is shown in Figure 3.10. Considering the
force equilibrium of the shear layer, one can write,

pdxdy +
∂V

′
xx

∂x
dxdy +

∂V
′
yy

∂y
dxdy − kωdxdy = 0 (3.36)
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3.3 Analysis of a thin plate resting on an elastic foundation 65

Assuming that a shear force developed in the shear layer is propor-
tional to the slope (in a similar manner as done in Section 3.2.1),
one can write,

V
′

xx = G
∂ω

∂x
, and V

′

yy = G
∂ω

∂y
(3.37)

Thus, one can write,

p = kω −G∇2ω (3.38)

Therefore, considering Equation 3.33, the governing equation for
a plate resting on a Pasternak foundation becomes:

D∇4ω = q∗ = q − p = q − (kω −G∇2ω)

Or, D∇4ω −G∇2ω + kω = q (3.39)

3.3.3 Plate resting on a Kerr foundation

Proceeding in a similar manner as presented in Section 3.2.2, for
a two-dimensional case, one can obtain the governing equation for
a Kerr foundation as,

GD

k1

∇6ω −
(

1 +
k2

k1

)
D∇4ω +G∇2ω − k2ω

=
G

k1

∇2q −
(

1 +
k2

k1

)
q (3.40)

One can refer to the paper by Cauwelaert et al., [38] where a
detailed development of the formulation for a Kerr foundation case
has been provided.
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66 Chapter 3. Load stress in concrete pavement

A B

D C

X

Y

B

L

Figure 3.11: The slab boundaries may be free, fixed, or hinged.

3.3.4 Boundary conditions

Figure 3.11 shows a concrete pavement slab of dimension L × B,
idealized as a thin plate. For solving the plate equation (that
is, Equation 3.33) suitable boundary conditions (of the individ-
ual four edges) need to be incorporated. The following bound-
ary conditions are possible for any of the edges (say for the edge
y = L) [134, 276]

• The edge y = L may be fixed. Then, the deflection and
the slope will be equal to zero. That is, ω |y=L= 0 and(
δω
δy

)
|y=L= 0

• The edge y = L may be hinged. Then, the deflection and
the moment along that direction will be equal to zero. That
is, ω |y=L= 0 and Myy = 0. The second condition implies,

−D
(
δ2ω
δy2

+ µ δ
2ω
δx2

)
|y=L= 0. Further, it may be noted that

since there will be no deflection along y = L line,
(
δ2ω
δx2

)
y=L

will be equal to zero. This will finally result the second
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3.4. Load stress in a concrete pavement slab 67

condition as, δ2ω
δy2
|y=L= 0

• The edge y = L may be free. In that case, moments will be
zero. That is, Myy = 0 and Myx = 0.

However, for a concrete pavement the edges are not exactly free,
fixed, or hinged. The presence of the dowel and tie bars (along
the longitudinal and transverse direction respectively) makes the
edge conditions somewhere in between. Although researchers have
addressed such issues [171, 319], a simple situation with all the
edges as free is taken up in the next section.

3.4 Load stress in a concrete pavement

slab

If a concrete pavement slab can be idealized as a thin plate resting
on a Winkler foundation, the solution of Equation 3.33 will provide
an estimate of the stresses due to load. The dimension of the plate
is assumed as L × B and all edges are considered as free. It is
assumed that a uniform loading of magnitude qo per unit area
is acting on a rectangular area of dimension l × b. The center of
this area is located at (x̄, ȳ). The arrangement is schematically
presented in Figure 3.12.

Let a loading expressed in the form of Equation 3.41 be applied2

to the plate [99, 134, 276]

q = qo sin
mπx

L
sin

nπy

B
(3.41)

where, m and n are any numbers.

Then, Equation 3.41 is a possible solution to Equation 3.33. The
boundary conditions, as all edges are free (Refer to Section 3.3.4 for

2That is, the loading is assumed to be different than uniformly distributed
loading on the rectangular area shown in Figure 3.12.
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68 Chapter 3. Load stress in concrete pavement

B

L

X 

Y

l

b

Z

qo

),( yx

Figure 3.12: A slab resting on a Winkler spring acted upon by a
rectangular patch loading.

a discussion on boundary conditions) are satisfied if ω is expressed
as [99, 134, 276, 295],

ω = c sin
mπx

L
sin

nπy

B
(3.42)

where, c is a constant. The value of c can be obtained by putting
Equations 3.41 and 3.42 in Equation 3.33, as [134, 276]

c =
qo(

π4D
(
m2

L2 + n2

B2

)2
+ k
) (3.43)

Thus, the expression for deflection ω becomes,

ω =
qo(

π4D
(
m2

L2 + n2

B2

)2
+ k
) sin

mπx

L
sin

nπy

B
(3.44)
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3.4. Load stress in a concrete pavement slab 69

Equation 3.44 provides a solution for single sinusoidal loading
(Equation 3.41). It is possible to express any loading function
q = f(x, y) (acting over a given area), as the sum of a series of
sinusoidal loadings [99, 134, 276], as per Navier’s transformation.
That is,

q = f(x, y) (3.45)

=
∞∑
m=1

∞∑
n=1

cmn sin
mπx

L
sin

nπy

B

where,

cmn =
4

LB

∫
Area

f(x, y) sin
mπx

L
sin

nπy

B
dxdy (3.46)

The expression for ω in the present case, therefore, becomes [99,
134, 276],

ω =
∞∑
m=1

∞∑
n=1

cmn(
π4D

(
m2

L2 + n2

B2

)2
+ k
) sin

mπx

L
sin

nπy

B
(3.47)

In the present case, the load is uniformly distributed over a rect-
angular area of l× b, the center of which is located at (x̄, ȳ). That
is q = f(x, y) = Q

l b
within the region bound between x = x̄ − b

2

and x̄ − b
2

and y = ȳ − l
2

and ȳ − l
2

(refer to Figure 3.12). The
value of cmn is calculated as [99, 134, 276],

cmn =
4Q

LBlb

∫ x̄+ b
2

x̄− b
2

∫ ȳ+ l
2

ȳ− l
2

sin
mπx

L
sin

nπy

B
dxdy

=
16Q

π2LBlbmn
sin

mπx̄

L
sin

nπȳ

B
sin

mπl

2L
sin

nπb

2B
(3.48)
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70 Chapter 3. Load stress in concrete pavement

The expression for ω is therefore [99, 134, 276],

ω =
16Q

π2LBlb

∞∑
m=1

∞∑
n=1

1

mn
(
π4D

(
m2

a2
+ n2

b2

)2
+ k
) sin

mπx̄

L

sin
nπȳ

B
sin

mπl

2L
sin

nπb

2B
sin

mπx

L
sin

nπy

B
(3.49)

Once the expression for ω is obtained (from Equation 3.49), it can
be used to find the bending moment (refer to Equations 3.24, 3.25
and 3.26) or the bending stress (refer to Equation 3.23). This is
one of the possible approaches for obtaining the solution of Equa-
tion 3.33, and one may refer to, for example, [247, 276, 295] for
alternative approaches and numerical methods of solution.

Figure 3.13 presents a schematic diagram showing the variation of
maximum bending stress with slab thickness (h) and a modulus
of subgrade reaction (k) (these terms appear in the expressions of
D and q∗ respectively in Equation 3.33). It may be noted that the
maximum bending stress will always occur below the wheels. Fig-
ure 3.13 shows that the maximum bending stress (at the interior)
decreases with (i) the increase in the slab thickness and/or (ii) the
increase in the modulus of the subgrade reaction.

In the above formulation the springs can take tension as well; how-
ever, in reality underlaying layer does not pull back the concrete
slab when it tries to bend upward. Thus tension, if it arises in
the analysis, should be made equal to zero; yet, the portion (in
which tension would arise) is not known a priori. Thus, the solu-
tion needs to be obtained iteratively, and achieving a closed-form
solution may become difficult.

Further, it is assumed that the rectangular loaded area approx-
imately represents the tire imprint. However, actual tire imprint
may not necessarily be rectangular in shape, nor be uniform in
loading (refer to Figure 5.7).
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Thickness of the concrete slab
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Figure 3.13: Schematic diagram showing variation of bending
stress (due to load at interior) with slab thickness and modulus of
subgrade reaction.

3.5 Closure

Individual solutions have been obtained for edge, interior, and cor-
ner loading, and varied boundary and loading conditions using the
basic Equation 3.33. Pioneering works were done by Westergaard
through his publications ranging from 1923 to 1946 [303, 304, 305,
306]. Interested readers can refer to [124, 129] for the background
and historical details on the analysis of concrete pavements.

Researchers have provided solutions for thick and thin plates with
various foundations; for example, a thick plate resting on a Paster-
nak foundation [254, 255], a thick plate resting on a Winkler foun-
dation [92], a thin plate resting on a Kerr foundation [38], and
various other boundary and foundation conditions [126, 147].

A number of softwares/algorithms have been developed which
can perform analyses of concrete pavements, for example [49, 64,
120, 121, 124, 132, 211, 266]. Formulas and analysis charts/tables
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72 Chapter 3. Load stress in concrete pavement

are also available in books/codes/guidelines for the estimation
of load stress in concrete pavements for various given load-
ing configurations, base/sub-base strength, and trial slab thick-
ness [1, 132, 206, 211, 279, 281].
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Chapter 4

Temperature stress in
concrete pavement

4.1 Introduction

A pavement can be considered thermally stress-free at a given
temperature (in fact, it is not a single value of a temperature, but a
thermal profile, as discussed later in Section 4.3). Any temperature
other than the zero-stress temperature will induce thermal strains
to the pavement. If the pavement is free to move, no thermal stress
will be generated. But restraint (full or partial) provided by the
self-weight of the concrete slab, and/or the friction between the
concrete slab and the underlying layer may prevent free movement
of the slab, and hence thermal stress will be generated. These
issues are covered in this chapter.

4.2 Thermal profile

The top surface of the pavement and the layers below do not
have the same temperature. Thus, a thermal gradient exists across
the pavement thickness. The top surface of the pavement is ex-

73
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74 Chapter 4. Temperature stress in concrete pavement
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Figure 4.1: Schematic diagram showing one-dimensional steady-
state heat flow across a medium.

posed to the weather conditions. Hence, the pavement surface tem-
perature undergoes variations with the variation of the weather
conditions. The angle of incidence of sun-rays, sky cover, wind
speed, humidity, rain, etc. affect the pavement surface tempera-
ture [100, 108, 139, 301]. In the following, a one dimensional for-
mulation has been presented for estimation of the thermal profile
across the depth of the pavement under steady-state condition.

Consider an element1 of unit thickness on the X−Z plane, as shown
in Figure 4.1. The diagram shows that under a steady state condi-
tion, heat of Qh per unit area is entering the element and heat of
Qh + dQh per unit area is leaving the element due to temperature
difference of dT between the thickness of the element dz. Thus,
the heat balance equation can be written as,

Qhdxdt− (Qh + dQh)dxdt = dx dz ρ Ch dT (4.1)

where, ρ is the density of material and Ch is the heat capacity.
Thus,

−dQh

dz
= ρChdT

dt
(4.2)

1Homogenous, isotropic, and constant thermal properties.

www.EngineeringBooksPdf.com



i
i

i
i

i
i

i
i

4.2. Thermal profile 75

As per Fourier’s law of heat conduction, one can write,

Qh = −ktdρChdT

dz
(4.3)

where, ktd is the coefficient of thermal diffusivity. Putting Equa-
tion 4.3 in Equation 4.2, one obtains,

ktd
d2T

dz2
=
dT

dt
(4.4)

The solution of Equation 4.4 provides the thermal profile of the
material, T (z) across its depth. Since the present formulation is
one dimensional, at a given value of z, the T (z) value would remain
the same for any (x, y). Given that the typical dimension of a
pavement (L× B) is considerably large with respect to its height
(h), this may be a reasonable assumption. Past studies (theoretical
as well as experimental) suggest that the thermal profile (T (z)) in
a concrete slab is generally nonlinear for most of the time during
the day and night [16, 49, 50, 168, 180, 238, 320].

For a multi-layered structure, the Equation 4.4 can be presented
as [302],

ktdi
d2Ti
dz2

=
dTi
dt

(4.5)

where, ktdi presents the thermal diffusivity of the ith layer, and Ti
represents the thermal profile of the ith layer. Equation 4.5 can be
solved using appropriate boundary conditions. These are discussed
in the following.

4.2.1 Surface boundary conditions

The ambient air temperature adjacent to the pavement may be
assumed to be varying in a sinusoidal pattern with 24 hours as the
cycle length. Accordingly, the pavement surface temperature also
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76 Chapter 4. Temperature stress in concrete pavement

may be assumed to vary in a sinusoidal pattern [139, 168]. Thus,
the surface boundary condition can be written as,

T top
1 = Ta + Tfsinωf t (4.6)

where, Ta is the mean pavement temperature, Tf is the amplitude
of the temperature variation, and ωf is the frequency. Alterna-
tively, the pavement surface temperature can be modeled [100]
considering the exchange of heat between the pavement surface
and the surrounding atmosphere through convection and radia-
tion.

4.2.2 Interface condition

The temperatures at the interface should be the same. That is,
the temperature at the bottom of the ith layer should be equal
to the temperature at the top of the i+1th layer. That is, for an
interface of ith and i+1th layers, it can be written as [168, 302],

Tbottom
i = T

top
i+1 (4.7)

Since at the interface, heat flow should be equal, one can write [100,
168, 302],

−ktdi ρiCh
i

dTi
dz

∣∣∣∣
bottom

= −ktdi+1ρi+1C
h
i+1

dTi+1

dz

∣∣∣∣
top

(4.8)

where, ρi, C
h
i and ktdi , represent the density, heat capacity, and

coefficient of the thermal diffusivity of the ith layer respectively.

4.2.3 Condition at infinite depth

The temperature at the bottom of the nth layer (which is a half-
space) may be assumed as constant (say, T∞) [168]. Thus,

Tbottom
n = T∞ (4.9)
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4.3. Thermal stress in concrete pavement 77

The above boundary conditions can be used for obtaining the ther-
mal profile in a layered pavement structure. One may, for example,
refer to [168] for a closed formed solution for a three-layered struc-
ture.

4.3 Thermal stress in concrete

pavement

As mentioned earlier (refer to Section 4.1) the resistance to move-
ment (which evolves due to thermal variations) causes thermal
stress. This resistance to movement may be provided by the weight
of the concrete slab (when the slab is trying to bend upward), the
underlying layer (when the slab is trying to bend downward) and
friction between the slab and the underlying layer (when the slab
is trying to move horizontally). If To is assumed as the temperature
at which the pavement is stress-free, one can write,

εTxx = εTyy = −α (T (z)− To) (4.10)

where, α is the coefficient of thermal expansion. It is interesting
to note that To may not necessarily be a uniform temperature, as
assumed in Equation 4.10. In fact, experimental studies show that
To rather assumes a non-uniform temperature distribution [184]. It
may be noted that a negative sign has been used to indicate that
this strain will generate compressive stress (with an assumption
that T (z) > To for any value of z), if restrained. The concept of the
development of thermal stress has been schematically presented in
Figure 4.2.

4.3.1 Thermal stress under a fully restrained
condition

If the strain represented as Equation 4.10 is restrained, thermal
stress will occur. The thermal stress (under a fully restrained

www.EngineeringBooksPdf.com



i
i

i
i

i
i

i
i

78 Chapter 4. Temperature stress in concrete pavement

(a) Thermal stress is zero 

at To..

(b) Presence of thermal profile (other 

than To) tends to cause elongation and 

bending. Thermal stress is still zero if 

such deformation is allowed.

(c) Various restraints do  

not allow such deformation 

to happen. Hence, thermal 

stress develops.

Figure 4.2: A one-dimensional schematic representation of devel-
opment of thermal stress in concrete slab.

condition), therefore, can be written [232] as (refer to Equa-
tion 1.30 for the plane stress condition),

σTxx = E
1−µ2 ε

T
xx + µ E

1−µ2 ε
T
yy = −Eα (T (z)− To)

1− µ
(4.11)

σTyy = E
1−µ2 ε

T
yy + µ E

1−µ2 ε
T
xx = −Eα (T (z)− To)

1− µ
(4.12)

Thus, it can be seen that (with the current assumption that the
thermal profile only varies along Z direction) the thermal stress
σTxx = σTyy = σT (say). The moment due to temperature stress can
be calculated2 as follows:

MT
xx = MT

yy = −
∫ h/2

−h/2

Eα (T (z)− To)
1− µ

zdz

= − Eα

1− µ

∫ h/2

−h/2
T (z)zdz = MT (say) (4.13)

The thermal stress (Equation 4.11) can be broken up into three
components as axial, bending, and nonlinear [49]. This analysis
becomes useful because, due to the provisions of joints (where

2Assuming E and α are not affected by temperature, and hence can be
taken outside the integration sign.
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4.3. Thermal stress in concrete pavement 79

horizontal movement is allowed) the axial stress may get dissi-
pated, and the design is governed by the bending and the remain-
ing nonlinear components of stresses. For a given total thermal
stress (σTxx =σTyy = σT ) in a concrete pavement slab (under a fully
restrained condition) due to the thermal profile (T (z)) (refer Equa-
tion 4.11), the following sections discuss the approach to obtain
the axial (σTA), bending (σTB), and nonlinear component (σTN)
of the stress [49, 127].

Axial stress component

One can assume an equivalent axial stress component (σTA), due
to equivalent axial (uniform) temperature profile, as TA. Equating
the total thermal force (for the unit width of the slab) due to
thermal profile T (z) with that of TA one obtains [49, 127, 320],∫ h/2

−h/2
σTAdz =

∫ h/2

−h/2
σTdz (4.14)

Considering, σTA = Eα
(1−µ)

(TA − To) and σT = Eα
(1−µ)

(T (z) − To)

(refer to Equation 4.11), one obtains,

TA =
1

h

∫ h/2

−h/2
T (z)dz (4.15)

Thus, the axial component of the thermal stress (σTA) is,

σTA = − Eα

1− µ
(TA − To)

= − Eα

1− µ

(
1

h

∫ h/2

−h/2
T (z)dz − To

)
(4.16)

Equation 4.16 provides an estimate for the axial component of
thermal stress under a full restraint condition. If it is assumed
that the frictional force provides resistance to the movement, one
can write,

σTA = ρgfL (4.17)
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80 Chapter 4. Temperature stress in concrete pavement

where, ρ = density of concrete, f = coefficient of friction, L =
length of concrete slab. However, it is argued that when the slab
is trying to expand/contract, full frictional force may not be real-
ized throughout the entire slab, especially near the central portion
of the slab where the force developed may be lower than the max-
imum frictional resistance. Hence for design purposes, the stress
may be reduced by some factor [187, 279, 313, 323].

Because of the provision of the expansion joints, the axial stress
may get a scope for dissipation. However, the restraint provided
by the layer underneath may be partial and the slab may manage
to move partially (in that case stress will be lower than in the full
restraint case). A formulation for a partial axial restraint has been
dealt further in Section 4.3.2.

Bending stress component

One can assume an equivalent bending stress (σTB) due to an
equivalent bending (linear) temperature profile, TB. Equating the
total moment due to thermal stress (for the unit width of the slab)
due to thermal profile T (z), with that of TB one obtains [49, 127],∫ h/2

−h/2
σTBzdz =

∫ h/2

−h/2
σT zdz (4.18)

Considering, σTB = Eα
(1−µ)

(TB − To), σT = Eα
(1−µ)

(T (z) − To) (refer

to Equation 4.11), and TB−To
z

is a constant parameter (because an
equivalent linear profile is being considered here), one obtains,

TB = To +
12z

h3

∫ h/2

−h/2
T (z)zdz (4.19)

Thus, the bending component of the thermal stress (σTB) is:

σTB = − Eα
1−µ

(
TB − To

)
= − 12Ezα

(1− µ)h3

∫ h/2

−h/2
T (z)dz (4.20)
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4.3. Thermal stress in concrete pavement 81

The bending moment can be expressed as (refer to Equa-
tions 4.11, 3.24 and 3.25)

MTB
xx = MTB

yy = −
∫ h/2

−h/2

Eα
(
TB − To

)
1− µ

zdz

= − Eα

1− µ

∫ h/2

−h/2
TBzdz = MTB (say) (4.21)

Equation 4.20 is the expression for bending stress under full re-
straint conditions, due to the bending component of the thermal
profile. The self-weight of the concrete slab provides this restraint.
However the restraint provided by the self-weight may be partial,
and the slab may manage to move partially (in that case the stress
will be lower than in the full restraint case). A formulation for par-
tial bending restraint will be dealt further in Section 4.3.2.

Nonlinear stress component

Since the thermal profile T (z) may have an arbitrary shape, the
axial (σTA) and bending stress (σTB) added together may not nec-
essarily make up to the total stress. Thus, the nonlinear component
of stress, σTN can be obtained by subtracting the sum of σTA and
σTB from total stress σT . Thus [49, 127, 232],

σTN = σT −
(
σTA + σTB

)
Or, = − Eα

1− µ

(
T (z)− 1

h

∫ h/2

−h/2
T (z)dz

12z

h3

∫ h/2

−h/2
T (z)zdz

)
(4.22)

The nonlinear component temperature TN can be calculated
as [127],

(
TN − To

)
= (T (z)− To)−

(
TA − To

)
−
(
TB − To

)
(4.23)

TN = To + T (z)− 1

h

∫ h/2

−h/2
T (z)dz − 12z

h3

∫ h/2

−h/2
T (z)zdz
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82 Chapter 4. Temperature stress in concrete pavement

Thus simple formulation for the calculation of TA, TB, TN and
corresponding σTA, σTB and σTN is presented for a single concrete
layer under plane stress case. For further studies on two slabs with
and without bonding one can refer to [127].

Example problem

The thermal profile of a concrete pavement slab is given as,

T (z) =
Tt + Tb

2
− Tt − Tb

b
z (4.24)

where Tt and Tb are the temperatures at the top and bottom of the
concrete slab respectively. Estimate the axial (σTA) and bending
(σTB) component of the thermal stress. Show that the nonlinear
thermal stress (σTN) is nil in this case [232].

Solution

Incorporating T (z)
(
= Tt+Tb

2
− Tt−Tb

b
z
)

in Equation 4.16, one ob-
tains

σTA = − Eα
1−µ

(
Tt+Tb

2
− To

)
(4.25)

Similarly, incorporating T (z) in Equation 4.20, one obtains

σTB =
Eαz

h(1− µ)
(Tt − Tb) (4.26)

From Equation 4.11, the total stress is calculated as,

σT = − Eα

1− µ

(
Tt + Tb

2
− Tt − Tb

h
z − To

)
(4.27)

It can be seen, that for the present case

σT = σTA + σTB

That is, σTN = 0
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Figure 4.3: The thermal profile and thermal stress components for
the example problem (when Tt > Tb).

Discussions

From Equation 4.26, the bending stress at the top fiber of the slab
is calculated as σTB|z=−h/2 = −Eα(Tt−Tb)

2(1−µ)
. This means that during

daytime when Tt > Tb, the thermal stress (bending) is compressive
(as per the sign convention adopted) at the top. This is what is
expected. The thermal profile and the stress profile (for Tt > Tb)
are shown in Figure 4.3. During the daytime, the top portion of
the slab tries to expand more than the bottom portion. However,
the self-weight of the slab restrains it from bending, causing com-
pressive stress to develop at the top. Using the same logic it can
be said that the stress will be tensile at the bottom portion (dur-
ing daytime, when Tt > Tb). The formulation for bending stress for
the linear thermal profile under fully restrained conditions (infinite
slab) was originally derived by Westergaard [124, 168, 304].

If a finite slab is fully restrained, σTB will keep on increasing with
the increase of Tt−Tb (refer to Figure 4.4). If it is assumed that the
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Figure 4.4: Schematic diagram showing variation σTB for Tt > Tb
when (i) fully restrained and (ii) finite restraint is provided by
self-weight.

self-weight of the finite slab is acting as a restraint against bending,
it can be argued that such a resistance may have a finite limit even
if Tt−Tb increases (say) in an unlimited manner. Therefore, if the
Tt − Tb increases beyond a certain threshold value, say (Tt − Tb)∗,
the σTB should assume a fixed value beyond a specific level (refer
to Figure 4.4). That means, the weight in this case only provides
a partial restraint. A simple formulation considering the combined
effect of bending due to temperature and weight is presented in
Section 4.3.2.

4.3.2 Thermal stress under a partially
restrained condition

The restraints cause hindrances to the free movement of the slab
due to temperature change. The resistance provided by the re-
straints (against thermal movements) may have finite limits, hence
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4.3. Thermal stress in concrete pavement 85

(a) Slab under fully restrained
condition

(b) Slab under partially re-
strained condition

Figure 4.5: Shape of the slab under full and partial restraint con-
ditions.

the slab may become partially restrained. Figure 4.5 shows a
schematic diagram indicating the shapes of the concrete slab under
full and partial3 restraint conditions.

In the following, formulations for thermal stress due to partial
restraint (for axial and bending) are discussed. The solutions con-
verge to the full-restraint situation, if the movement of the slab is
assumed to be zero, that is, u = 0 (for the axial restraint case) or
ω = 0 (for the bending restraint case).

Partial axial restraint

The axial restraint is provided by the layer underneath the con-
crete slab. A free-body diagram of an element of length dx and
width B of the slab is shown in Figure 4.6, where τzx is the
shear stress at the interface. From force equilibrium it can be

3One of the possible shapes.
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86 Chapter 4. Temperature stress in concrete pavement

σTA +dσTAσTA

dx

τ

h

Figure 4.6: Free-body diagram of an element of length dx and
width B of the slab.

written [44, 252, 273],

τzxBdx = dσTABh (4.28)

where, dx is an elemental length, τzx = shear stress at the inter-
face, B is the width of the concrete slab, and h is the height of
the concrete slab. It is considered that the pavement is supported
by spring sliders (of spring constant kss) as shown in Figure 4.7.
Substituting,

τzx = kssu (4.29)

in Equation 4.28, it can be written as [44, 252],

dσTA

dx
=
kssu

h
(4.30)

It may be noted that the kss represents a condition similar to the
horizontal spring constant of the underlying layer. Interested read-
ers may refer to [270], for example, for discussions on the physical
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4.3. Thermal stress in concrete pavement 87

L

h
X

Z

Figure 4.7: Slab resting on spring sliders.

interpretation and evaluation of this parameter. Since the thermal
stress is generated from the restrained strain (partially restrained
strain in the present case, because some displacement (u) is being
allowed), one can write [187, 273],

σTA = E

(
du

dx
− α(TA − To)

)
(4.31)

Combining Equations 4.30 and 4.31, one obtains [44, 114],

d2u

dx2
− kss
hE

u = 0 (4.32)

This equation can be solved to obtain the value of u and subse-
quently, the value of σTA can be obtained by using Equation 4.31.

Since the length of the slab is L, it can be assumed that σxx|x=0 =
0, and u|x=L/2 = 0. With these boundary conditions, the solution
obtained by Timm et al. [273] can be presented as Equation 4.32,

u = α (TA − To)
e−ξ(L−x) − e−ξx

ξ(1 + e−ξL)
(4.33)

σxx = Eα
(
TA − To

) [e−ξ(L−x) + e−ξx

1 + e−ξL
− 1

]
(4.34)

for, 0 ≤ x ≤ L/2 where, ξ =
√

kss
Eh

A schematic diagram showing variations of σxx and u for such a
model are shown in Figure 4.8.
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88 Chapter 4. Temperature stress in concrete pavement

L

σ
xx

σ
xx

u

u

Figure 4.8: A schematic diagram representing the variation of σxx
and u along the length of the slab for the partial restraint condition
in the model shown in Figure 4.7.

Partial bending restraint

The self-weight of the slab (or any other external loading applied
to the slab), the hypothetical springs (as a foundation) and the
bending due to the temperature profile determine the final shape
(hence the degree of restraint), and subsequently the overall stress
in the pavement (refer to Figure 4.5(b)). The equivalent bending
temperature (TB) has been considered in the following formula-
tion. It may be noted that one can use T (z) as well (in that case,
it will not represent pure bending). Considering Equations 4.10
and 3.22, one can write [168],

εxx = −z δ
2ω

δx2
− α

(
TB − To

)
εyy = −z δ

2ω

δx2
− α

(
TB − To

)
(4.35)

εzz = −z δ
2ω

δxδy
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4.3. Thermal stress in concrete pavement 89

Referring to Equation 3.23, one obtains [127, 168, 295],

σxx = − Ez

1− µ2

(
δ2ω

δx2
+ µ

δ2ω

δy2

)
− Eα(TB − To)

1− µ

σyy = − Ez

1− µ2

(
δ2ω

δy2
+ µ

δ2ω

δx2

)
− Eα(TB − To)

1− µ
(4.36)

τxy =
Eγxy
1 + µ

= − Ez

1 + µ

δ2ω

δxδy

Considering Equations 3.24, 3.25 and 3.26 one can write [168, 254,
304],

Mxx = −D
[
δ2ω

δx2
+ µ

δ2ω

δy2

]
− Eα

1− µ

∫ h/2

−h/2

(
TB − To

)
zdz

Myy = −D
[
δ2ω

δy2
+ µ

δ2ω

δx2

]
− Eα

1− µ

∫ h/2

−h/2

(
TB − To

)
zdz (4.37)

Mxy = D(1− µ)
δ2ω

δxδy

Putting Equation 4.37 in Equation 3.32, recalling Equation 4.21
and further simplification yields,

D∇4ω +∇2MTB = q? (4.38)

where, MTB = Eα
1−µ

∫ h/2
−h/2

(
TB − To

)
zdz = Eα

1−µ

∫ h/2
−h/2

(
TB
)
zdz

(that is, the same as Equation 4.21). It may be recalled that it
has been assumed that TB (so also, T (z)) varies only along Z di-
rection, hence MTB is only a function of z, hence ∇2MTB = 0.
Hence, the equation takes the following form,

D∇4ω = q?

which is same as Equation 3.33. Thus, it is interesting to note
that the thermal profile does not show up in the final equation;
however, it participates in the solution when appropriate boundary
conditions are invoked during solving the equation. That is, the
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90 Chapter 4. Temperature stress in concrete pavement

moment expressions (refer to Equation 4.37) have thermal profile
terms, and depending on the boundary condition (free, hinged, or
fixed) these conditions participate in the solution process of the
equation. One can refer to Section 3.3.4 to see how the boundary
conditions are used with reference to the calculation of load stress
in a plate.

The closed form solution of the above equation (for the partial
restraint case) is, however, a complex task, although there are
solutions available for various slab geometries [267]. This work
(that is, work done by Tang et al. [267]) also provides derivations
for the situation when the slab is curled up (that is with loss of
contact) and the springs become ineffective for that region.

For slabs with finite dimensions, it was suggested that the deflected
shape (ω) can be represented by the superposition of deflections of
the slab when it is assumed to be finite in one direction and infinite
along the other direction [124, 267, 304]. And subsequently, the
proposed solutions for maximum stresses at the interior (at B/2,
L/2) for linear thermal profile are,

σxx =
Eα(Tt − Tb)

2(1− µ2)
(Cx + µCy) (4.39)

σyy =
Eα(Tt − Tb)

2(1− µ2)
(Cy + µCx) (4.40)

where, Cx and Cy are two coefficients related to the shape of the
slab [28, 124, 267, 304].

4.4 Closure

Simple formulations for the computation of thermal stress (for
both partial and full restraint) of concrete pavement have been
presented in this chapter. Formulas or charts for the estimation of
thermal stress are available in various documents and guidelines [1,
126, 206, 279].
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Chapter 5

Load stress in asphalt
pavement

5.1 Introduction

It is in general assumed that asphalt pavement does not have
any bending moment carrying capacity, unlike concrete pavement.
Thus, the equilibrium equations which are developed to estimate
stresses in asphalt pavements should not contain any bending mo-
ment term. In this chapter, first, the approach to analyze a single
layer continuum (that is, a half-space) is presented. Subsequently,
the approach is extended for a multi-layered case (with a smooth
or rough interface), representing an idealized asphalt pavement
structure.

5.2 General formulation

To formulate a problem (so as to obtain its mechanical re-
sponse), one needs to have (i) the strain displacement relation-
ship (hence strain compatibility conditions), (ii) the stress and
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92 Chapter 5. Load stress in asphalt pavement

strain relationship (that is the constitutive relationship), (iii) the
equilibrium condition and the (iv) geometry (that is the boundary
conditions) of the problem (refer to Section 1.2 for the background
information). In the following an expression is developed as a com-
bined form of the first three considerations. Finally, the boundary
conditions will be used to analyze (as a typical boundary value
problem) a half-space, and subsequently, it will be extended to
solve for a multi-layered structure.

Let a plain strain condition (X−Z plane) in a Cartesian coordinate
be assumed. The strains (εxx, εzz and γxz) can be expressed as
Equation 1.31. Putting the above in a relevant strain compatibility
equation (refer to the 3rd equation of the set of Equations 1.19),
one obtains,

∂2

∂x∂z

(
2(1 + µ)

E
τzx

)
=

∂2

∂x2

(
1− µ2

E
σzz −

µ(1 + µ)

E
σxx

)
+

∂2

∂z2

(
1− µ2

E
σxx −

µ(1 + µ)

E
σzz

)
(5.1)

Or,

2(1 + µ)
∂2τzx
∂x∂z

= (1− µ2)
∂2σzz
∂x2

− µ(1 + µ)
∂2σxx
∂x2

+ (1− µ2)
∂2σxx
∂z2

− µ(1 + µ)
∂2σzz
∂z2

(5.2)

Now, the equilibrium equation (refer to Equation 1.33) for the
present case (considering a plane strain along the X–Z plane) can
be written as,

∂σxx
∂x

+
∂τzx
∂z

+BFx = 0 (5.3)

∂τzx
∂x

+
∂σzz
∂z

+BFz = 0 (5.4)

Differentiating Equation 5.3 with respect to x, and differentiating
Equation 5.4 with respect to z, and adding, one obtains,

2
∂2τzx
∂z∂x

= −
(
∂2σxx
∂x2

+
∂2σzz
∂z2

)
−
(
∂BFx
∂x

+
∂BFz
∂z

)
(5.5)
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5.2. General formulation 93

Substituting 2∂
2τzx
∂z∂x

from Equation 5.5 to Equation 5.2 and simpli-
fying further, one obtains,

∇2 (σxx + σzz) = − 1

1− µ

(
∂BFx
∂x

+
∂BFz
∂z

)
(5.6)

where, ∇2 =
(
∂2

∂x2
+ ∂2

∂z2

)
Proceeding in a similar manner for the plain stress condition (that
is, using Equation 1.30 instead of Equation 1.31 and considering
the X−Z coordinate system), one obtains,

∇2 (σxx + σzz) = −(1 + µ)

(
∂BFx
∂x

+
∂BFz
∂z

)
(5.7)

Equation 5.7 is also known as the stress compatibility equation.
Now, if the body forces are assumed to be zero (if weight is the
only body force considered then BFx = 0, further, if the medium
is also considered as weightless then Bz = 0), then the equation
reduces to the form

∇2 (σxx + σzz) = 0 (5.8)

Assuming, φ is a function of x and z which can be expressed in
the following form (so that it follows the equilibrium equation in
two dimensions, without body-forces),

σxx =
∂2φ

∂z2

σzz =
∂2φ

∂x2
(5.9)

τxz = − ∂2φ

∂x∂z

Then by putting Equation 5.9, in Equation 5.8

∇4φ = 0 (5.10)

The function φ is known as Airy’s stress function. For a cylindrical
coordinate system and an axi-symmetrical case (that is, ∂

∂θ
= 0 in
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94 Chapter 5. Load stress in asphalt pavement

the present case, refer to Section 1.2.3 for further discussions),
the stresses in terms of differentiation of the φ function can be
expressed as [174, 222, 277]

σzz =
∂

∂z

(
(2− µ)∇2φ− ∂2φ

∂z2

)
(5.11)

σrr =
∂

∂z

(
µ∇2φ− ∂2φ

∂r2

)
(5.12)

σθθ =
∂

∂z

(
µ∇2φ− 1

r

∂φ

∂r

)
(5.13)

τrz =
∂

∂r

(
(1− µ)∇2φ− ∂2φ

∂z2

)
(5.14)

Further from Equations 1.20 and 1.26, and considering an axi-
symmetric case,

ω =
1 + µ

E

[
(1− 2µ)∇2φ+

∂2φ

∂r2
+

1

r

∂φ

∂r

]
u = −1 + µ

E

∂2φ

∂r∂z
(5.15)

Proceeding in the similar manner, one obtains,

∇4φ = 0 (5.16)

where, ∇2 = ∂2

∂r2
+ 1

r
∂
∂r

+ ∂2

∂z2
.

The equation (Equation 5.10 or Equation 5.16) represents a com-
bined form of strain compatibility, constitutive relationship (for
plane strain or plane stress or axi-symmetric case), and the equi-
librium condition. Interested readers can refer to, for example,
Poulos and Davis [222] for the equations that arise for a 3-D lin-
ear elastic case.

The following steps are involved to obtain the stresses (and subse-
quently the strains and displacements) of such a continuum media.

• Obtain a suitable φ function which satisfies Equation 5.10 or
Equation 5.16 depending on the choice of coordinate system.
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5.3. Solution for elastic half-space 95

• Obtain the constants of the φ function from the boundary
conditions of a given problem.

• Obtain the stresses from Equation 5.9 or from Equa-
tion 5.11–5.14 depending on the choice of coordinate system.

The above approach can be used to solve for stresses in the contin-
uum for various loading and geometries. This has been discussed
further in the following.

5.3 Solution for elastic half-space

Figure 5.1 shows a point load of magnitude of Q that is acting
vertically on an elastic half-space; the objective is to find out the
stress-strain-displacement of any point (r, z) within the half-space.
This problem is commonly known as Boussinesq’s problem, and its
solution is well known and widely used in the literature. One may
refer to [142] for a discussion of the history and background of the
Boussinesq’s problem. The boundary conditions for this problem
can be identified as follows:

Q

Figure 5.1: A point load acting vertically on a half-space.
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96 Chapter 5. Load stress in asphalt pavement

1. At infinity all stresses should vanish. That is, as z → ∞,
σzz = σrr = σθθ = τrz = 0

2. Shear stress at the surface should be zero. That is, τrz|z=0 =
0.

3. The σzz at the surface should be zero except at the point of
the application of load. That is, σzz|z=0 = 0, except at the
point of load application.

4. The sum of total force at any given horizontal plane within
the half-space should be equal to Q. That is,

∫
A

σzzdA = Q,

where A indicates area of the infinite horizontal plane.

To solve such a problem, first a suitable (biharmonic) φ function
needs to be selected. The discussions in the following is the based
on the solution presented in [140]. The following φ function is
proposed [140] for the present case. It may be verified that the
condition given by Equation 5.16 holds for this φ function.

φ = C1zlner + C2(r2 + z2)1/2 + C3zlne
(r2 + z2)1/2 − z
(r2 + z2)1/2 + z

(5.17)

From the above mentioned conditions, the constants are obtained
as [140],

C3 = −1− 2µ

4µ
C2 C2 = −µ

π
Q C1 = −1− 2µ

2π
Q

After evaluating the constants of the φ function, it can be used in
Equation 5.11 to obtain the stresses. The widely used expressions
for stresses (due to the vertical point load at the surface of an
elastic half-space) can be presented as [63, 104, 140, 162],

σzz =
3Q

2π

z3

R5
(5.18)

τrz =
3Q

2π

z2r

R5
(5.19)
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5.3. Solution for elastic half-space 97

σrr =
Q

2π

(
3zr2

R5
− 1− 2µ

R(R + z)

)
(5.20)

σθθ =
Q

2π
(1− 2µ)

(
1

R(R + z)
− z

R3

)
(5.21)

where R = (r2 + z2)1/2.

A brief solution to the Boussinesq’s problem has been presented
in the above. One can reach the same solution with any other
φ function, provided it satisfies Equation 5.10 or Equation 5.16
(depending on the choice of coordinates) and the boundary con-
ditions yield meaningful solutions to the unknown constants. One
can, for example, refer to [247, 248, 310] for more information on
alternative approaches.

Further, the vertical displacement can be derived in the following
manner. The vertical strain (εz) in a cylindrical coordinate system
is given as (refer to Equations 1.20 and 1.26)

εzz =
1

E
(σz − µ(σr + σθ)) =

∂ω

∂z
(5.22)

Thus, displacement at any depth z (ω) is given as,

ω =
1

E

∫ ∞
z

(σzz − µ(σrr + σθθ)) dz (5.23)

Putting the expressions of σzz, σrr and σθθ from Equations 5.18,
5.20, and 5.21 (respectively), in Equation 5.23 and performing
integration, one obtains the displacement due to point load Q,

ω =
Q(1 + µ)

2πE

[
z2

(r2 + z2)3/2
+

2(1− µ)

(r2 + z2)1/2

]
(5.24)

In line with the problem of the point load on a half-space, there
were similar such developments proposed by various researchers,
for example, a line load acting vertically on the surface (by Fla-
mant) of the half-space, the point load acting inside an infinite
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98 Chapter 5. Load stress in asphalt pavement

space (by Kelvin) or inside a half-space (by Mindlin), the point
load acting horizontally on the surface of a half-space (by Cerrutti)
etc. [65, 104, 138, 140]. One can refer to, for example, [142] for an
exhaustive review (and the historical context) of the contributions
made by various researchers in this field, and can refer to, for ex-
ample, [97] for the issues related to heterogeneous, anisotropic,
and incompressible media.

Boussinesq’s approach can be extended further to find the response
due to, for example, line loading, uniform strip loading, uniform
circular loading, uniform elliptical loading, triangular strip load-
ing, Hertz loading, eccentric loading, anisotropy, and a heteroge-
neous condition, etc. Some relevant but simple example problems
are discussed in the following. For further study, interested readers
can refer to, for example, [37, 63, 65, 104, 138, 140, 222, 247, 277]
etc.

Example problem

Circular uniform loading on an elastic half-space is shown in Fig-
ure 5.2. It may be assumed that a total load of Q is distributed
uniformly over a circular area of radius a. Obtain an expression
for σzz at a point inside the half-space (that is, at a point (r′′,z)
shown as A in Figure 5.2).

Solution

The stresses can be obtained, assuming that linear superposition
is valid. That is, contributions by all infinitesimally small point
loads located at (r′,θ) can be summed (by integration) to obtain
the overall effect. The magnitude of a point load over an elemental
area r′ dθ dr′ is given as q r′ dθ dr′ where, q = qav = Q

πa2
. Thus,

using Equation 5.18, the vertical stress (σzz), in this case, can be
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5.3. Solution for elastic half-space 99

dr'

r'dθ

dθ

r' θ

(r'',z)
r'

r

r''

AE
la

st
ic

 h
al

f-
sp

ac
e

Uniform circular loading

Figure 5.2: Circular loading on an elastic half-space.

written as,

σzz =

∫ a

0

∫ 2π

0

3(qr′dθdr′)

2π
z3(r2 + z2)−

5
2 (5.25)

where, r is the distance between the elemental area and point
A. The r in the above equation can be substituted with (r′2 +
r′′2 − r′r′′2 cos θ)1/2 and integration can be performed numerically
to obtain the value of σzz.

Example problem

Figure 5.3 shows a flexible uniformly loaded circular plate. Esti-
mate the maximum surface deflection.

Solution

By “flexible plate” it is understood that the plate does not have
any flexural rigidity of its own, therefore, it takes the same shape
as that of the elastic medium after deformation.
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100 Chapter 5. Load stress in asphalt pavement

q

Figure 5.3: Displacement of an elastic half-space due to a flexible
uniformly loaded circular plate.

The deflection due to point load Q at the surface can be obtained
from Equation 5.24 (by putting z = 0)

ω|z=0 =
(1− µ2)Q

πEr
(5.26)

Taking an elemental area of r′ dθ dr′ on the loaded region, and
assuming superposition is valid, one can calculate the central de-
flection (ω|z=0,r=0) as,

ω|z=0,r=0 =

∫ a

0

∫ 2π

0

(1− µ2)(qr′dθ dr′)

πEr
(5.27)

where, q = qav = Q
πa2

. Since the central deflection is being calcu-
lated, one can write r = r′ in this case1. Thus,

ω|z=0,r=0 =
2(1− µ2)qa

E
(5.28)

1For any point other than the center point, r 6= r′, an appropriate rela-
tionship needs to be developed from geometrical considerations (refer to [65],
for example).
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5.3. Solution for elastic half-space 101

Assuming µ = 0.5 as a special case, one can obtain,

ωz=0,r=0 =
1.5qava

E
(5.29)

Equation 5.29 is popularly used for the estimation of an elastic
modulus of soil (a subgrade or embankment structure made up of
homogeneous material with sufficiently thickness or height so that
it can be assumed as an elastic half-space) by plate load test, while
a flexible plate is used.

Example problem

Figure 5.4 shows a rigid circular frictionless plate. Estimate the
maximum surface deflection.

Solution

By “rigid plate” it is understood that the plate has high flexural
rigidity, and therefore, it does not deform itself when load is ap-
plied. The pressure distribution may no longer be uniform, in this
case. Two conditions need to be satisfied, as follows:

• The total force at the bottom of the plate (due to the non-
uniform pressure distribution) should be equal to force Q
externally applied. That is,∫

A

qdA = Q (5.30)

where, A is the area of the plate, and dA is the elemental
area.

• The deflection at each point of the circular plate should be
the same (since it is a rigid plate).
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102 Chapter 5. Load stress in asphalt pavement

q

Figure 5.4: Displacement of an elastic half-space due to a rigid
circular plate

For the flexible plate case (that is, the last example) it is found
that the deflection at the center of the plate is maximum and at
its edge it is minimum. For the present case of a rigid plate, the
deflection within the plate region should be the same everywhere.
This may possibly be achieved if the pressure is higher along the
edges than at the center [65]. Thus, the pressure distribution can
be assumed to take a shape as shown in Figure 5.4. It appears that
the following pressure distribution satisfies the above two condi-
tions [65, 140].

q = σzz|z=0 =
Q

2πa(a2 − r2)1/2
for 0 ≤ r ≤ a (5.31)

It is interesting to note that the proposed pressure distribution
shows that the pressure theoretically will be infinite along the
edge. One can refer to [65] for further discussions on this.

Thus, the deflection at the center of the plate can be obtained as
(derived from Equation 5.24 by putting z = 0, taking an elemental
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5.4. Multi-layered structure 103

area of r′dθ dr′, substituting the value of q from Equation 5.31, and
considering r = r′, for the present case),

ω|z=0,r=0 =

∫ a

0

∫ 2π

0

(1− µ2)( Q
2πa(a2−r2)1/2

r′dθ dr′)

πEr

=
(1− µ2)qavaπ

2E
(5.32)

Assuming, µ = 0.5, as a special case, one can obtain,

ωz=0,r=0 =
1.18qava

E
(5.33)

Equation 5.33 is popularly used for estimation of an elastic modu-
lus of soil by a plate load test, while a rigid plate is used. Further
calculations can show that for the assumed pressure distribution
(that is, Equation 5.31), the deflection at every other point within
the rigid circular disk is the same and can be given by Equa-
tion 5.33 for µ = 0.5.

5.4 Multi-layered structure

An idealized multi-layered asphalt pavement structure is shown
in Figure 5.5. A total load of Q is assumed to act uniformly on
a circular area of radius a (that is, q = Q

πa2
, and this is equal to

the tire contact pressure). The layers are identified as 1st layer,
2nd layer, ith layer and so on, starting from top to bottom. The
last layer (typically a subgrade) is the nth layer. The assumptions
of a multi-layer asphalt pavement structure can be mentioned as
following,

• The structure is constituted with n number of layers.

• Each layer is assumed to be made up of homogeneous,
isotropic, and linearly elastic material. Thus, elastic mod-
ulus (Ei) and Poisson’s ratio (µi) characterize each layer.
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104 Chapter 5. Load stress in asphalt pavement

E1, µ1

E2, µ2

Ei, µi

En, µn

h1

h2

hi (r,z)

2a
q

R

Z 

1st layer

2nd layer

ith layer

nth layer

Figure 5.5: A multi-layered asphalt pavement structure.

• Each layer (except the subgrade) has finite uniform thickness
(hi) and the subgrade is assumed as semi-infinite (that is,
half-space).

• The pavement structure is assumed to be weightless (that
is, BFz = 0). That is, compared to the contact pressure (q)
applied, the pressure created due to the self-weight of the
pavement itself is negligible.

• The structure is also assumed to be free from any other kind
of existing stresses.

5.4.1 Formulation

The formulation presented in Section 5.2 can be utilized to ana-
lyze a multi-layered structure. The solution approach is the same
as summarized toward the end of Section 5.2; however, a transfor-
mation needs to be applied so as to match the loading geometry.

The approach for the elastic analysis of a multi-layered struc-
ture was originally developed by Burmister [33, 34, 35]. Various
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5.4. Multi-layered structure 105

researchers have further extended the formulation (general enough
to handle n layers), developed algorithms, performed numerical
studies [6, 135, 218, 246, 289, 296, 297], and have been widely
used in various analysis [46, 121, 128, 148, 165, 310]. The analysis
approach is presented in the following.

The following φ function is used for this analysis (and it satisfies
Equation 5.16),

φi(m) =
[
Ai(m)emz −Bi(m)e−mz

+C i(m)zemz −Di(m)ze−mz
]
Jo(mr) (5.34)

where Jo is the Bessel function of 0th order, Ai(m), Bi(m), Ci(m)
and Di(m) are coefficients for the ith layer, r is the radial distance
and z is the depth, and m is any number.

Using the φ function (that is, putting Equation 5.34 into Equa-
tion 5.11) the stresses (in the ith layer) and subsequently the dis-
placement values (refer to Equation 5.15), for an axi-symmetric
case, are calculated as follows [128, 148, 165, 296, 297],

σ̂izz = −mJo(mr)
[
Ai(m)m2emz +Bi(m)m2e−mz

−Ci(m)m(1− 2µi −mz)emz +Di(m)m(1− 2µi −mz)e−mz
]

σ̂irr = mJo(mr)
[
Ai(m)m2emz +Bi(m)m2e−mz + Ci(m)m(1 + 2µi +mz)emz

−Di(m)m(1 + 2µi −mz)e−mz
]
−m

J1(mr)

mr

[
Ai(m)m2emz

+Bi(m)m2e−mz + Ci(m)m(1 +mz)emz −Di(m)m(1−mz)e−mz
]

σ̂iθθ =
J1(mr)

r

[
Ai(m)m2emz +Bi(m)m2e−mz

+Ci(m)m(1 +mz)emz −Di(m)m(1−mz)e−mz
]

+2µimJo(mr)
[
Ci(m)memz −Di(m)me−mz

]
τ̂ irz = mJo(mr)

[
Ai(m)m2emz −Bi(m)m2e−mz

+Ci(m)m(2µi +mz)emz +Di(m)m(2µi −mz)e−mz
]

ω̂i = −
1 + µi

Ei
mJo(mr)

[
Ai(m)m2emz −Bi(m)m2e−mz

−Ci(m)m(2− 4µi −mz)emz +Di(m)m(2− 4µi +mz)e−mz
]

ûi =
1 + µi

Ei
J1(mr)

[
Ai(m)memz +Bi(m)me−mz

+Ci(m)(1 +mz)emz −Di(m)(1−mz)e−mz
]

(5.35)
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106 Chapter 5. Load stress in asphalt pavement

From Equation 5.35, it can be seen that, σ̂1,t
zz = −mJo(mr), where

σ̂1,t
zz represents σzz at the top of the first layer2. That means, the
σ̂izz, σ̂

i
rr, σ̂

i
θθ, τ̂

i
rz, ω̂

i and ûi values calculated from Equations 5.35
are the solutions due to mJo(mr) loading at the surface. However,
one is rather interested in a solution for the case represented in
Figure 5.5, that is,

σ1,t
zz = q for 0 ≤ r ≤ a

= 0 otherwise (5.36)

τ 1,t
rz = 0

Therefore, further conversion is needed to derive the stress and
the displacement values due to loading as per Equation 5.36 (and
not as per mJo(mr)). This is accomplished by invoking the Henkel
transform. The Henkel transform for a pair of function (f(r) and
f(m)) can be given follows,

f(m) =

∫ ∞
0

rJo(mr)f(r)dr (5.37)

f(r) =

∫ ∞
0

mJo(mr)f(m)dm (5.38)

For the present case, f(r) can be assumed to be the same as σ1,t
zz

mentioned in Equation 5.36. Thus, using Equation 5.37

f(m) = −
∫ a

0

qrJo(mr)dr +

∫ ∞
a

0dr

= −qa
m
J1(ma) (5.39)

This expression of f(m) can be put back into Equation 5.38 to
re-derive an expression for f(r). That is,

f(r) =

∫ ∞
0

mJo(mr)
(
−qa
m
J1(ma)

)
dm

= qa

∫ ∞
0

(−mJo(mr))
J1(ma)

m
dm (5.40)

2Superscript t indicates top and b indicates bottom.
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5.4. Multi-layered structure 107

It may be recalled that the loading mJo(mr) is the expres-
sion obtained for σ̂zz at the surface, whereas f(r) presents the
actual stress due to the loading shown in Figure 5.5. Thus,
Equation 5.40 can be used as a transformation for obtaining
the stresses or displacements due to loading as per Figure 5.5.
Thus [128, 148, 165, 296, 297],

σizz = qa

∫ ∞
0

Jo(mr)J1(ma)
[
Ai(m)m2emz +Bi(m)m2e−mz

−Ci(m)m(1− 2µi −mz)emz +Di(m)m(1− 2µi −mz)e−mz
]
dm

σirr = −qa
∫ ∞
0

Jo(mr)J1(ma)
[
Ai(m)m2emz

+Bi(m)m2e−mz + Ci(m)m(1 + 2µi +mz)emz

−Di(m)m(1 + 2µi −mz)e−mz
]
dm+ qa

∫ ∞
0

J1(mr)

mr
J1(ma)

[
Ai(m)m2emz

+Bi(m)m2e−mz + Ci(m)m(1 +mz)emz −Di(m)m(1−mz)e−mz
]
dm

σiθθ = −qa
∫ ∞
0

J1(mr)

mr
J1(ma)

[
Ai(m)m2emz +Bi(m)m2e−mz

+Ci(m)m(1 +mz)emz −Di(m)m(1−mz)e−mz
]
dm

−2µiqa

∫ ∞
0

Jo(mr)J1(ma)
[
Ci(m)memz −Di(m)me−mz

]
dm

τ irz = −qa
∫ ∞
0

Jo(mr)J1(ma)
[
Ai(m)m2emz −Bi(m)m2e−mz

+Ci(m)m(2µi +mz)emz +Di(m)m(2µi −mz)e−mz
]
dm

ωi = −
1 + µi

Ei
qa

∫ ∞
0

Jo(mr)J1(ma)
[
Ai(m)m2emz −Bi(m)m2e−mz

−Ci(m)m(2− 4µi −mz)emz +Di(m)m(2− 4µi +mz)e−mz
]
dm

ui =
1 + µi

Ei
qa

∫ ∞
0

J1(mr)J1(ma)
[
Ai(m)memz +Bi(m)me−mz

+Ci(m)(1 +mz)emz −Di(m)(1−mz)e−mz
]
dm

(5.41)

However, one needs to know the values of the coefficients Ai(m)i,
Bi(m), Ci(m), and Di(m). These are obtained from the boundary
conditions. The boundary conditions for the present problem (at
the surface, at the interface, and at infinite depth) are discussed
in the following,

5.4.2 Boundary conditions

At the surface, as discussed earlier, the vertical stress at the circu-
lar region will be equal to the tire contact pressure (q), and shear
stress will be equal to zero (that is Equation 5.36).

www.EngineeringBooksPdf.com



i
i

i
i

i
i

i
i

108 Chapter 5. Load stress in asphalt pavement

For a perfectly bonded interface (also called a rough interface,
when the layers cannot slide over each other) between the ith and
(i + 1)th layer the σzz at the bottom of the ith layer should be
equal to that at the top of the (i+ 1)th layer. So also will be ω, u
and τrz. Thus, the boundary conditions will be,

σ̂i,bzz = σ̂i+1,t
zz

ω̂i,b = ω̂i+1,t (5.42)

τ̂ i,brz = τ̂ i+1,t
rz

ûi,b = ûi+1,t

For a perfectly smooth interface (that is, when the layers can slide
over each other) the σzz and ω at the bottom of the ith layer should
be equal to that of at the top of the (i+ 1)th layer. However, the
shear stresses for both the ith and (i + 1)th should individually
be equal to zero, since sliding is allowed. Hence the boundary
condition becomes,

σ̂i,bz = σ̂i+1,t
z

ω̂i,b = ω̂i+1,t (5.43)

τ̂ i,brz = 0

τ̂ i+1,t
rz = 0

It may be mentioned that a perfectly smooth or perfectly bonded
interface condition is a theoretical idealization. In reality, a sit-
uation somewhere in between may be realized. Bonding may be
improved by texturing or by applying adhesive agent at the in-
terface level, bonding may be reduced by constructing a smooth
surface or by providing a separation layer.

At infinite depth one can assume that the stresses and displace-
ments are zero, that is,

σ̂zz = σ̂rr = σ̂θθ = τ̂rz = 0

û = ω = 0 (5.44)
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5.4. Multi-layered structure 109

This condition leads to, An(m) = 0 and Bn(m) = 0. If, however,
there is a rigid base at the bottom of nth layer, for a rough inter-
face, one can write [128]

ω̂n,b = 0

ûn,b = 0 (5.45)

For a smooth interface between the nth layer and a rigid base, one
can write [128],

ω̂n,b = 0

τ̂n,brz = 0 (5.46)

Since this is an n-layered structure, there will be 4× n number of
unknowns for each value of m. An n-layered pavement has (n− 1)
interfaces. Thus, from Equation 5.42 or 5.43 (as the case may be)
one obtains 4× (n− 1) number of equations. The Equations 5.36,
and 5.44 (or Equation 5.45 or Equation 5.46 as the case may be)
provide an additional 4 equations. Thus, a total of 4×n equations
are obtained which can be used to solve 4×n of unknowns, for each
value of m. Figure 5.6 shows a typical output from an analysis of
a multi-layered elastic structure.

It may be noted that in Equations 5.42 to 5.46 the expressions
without a Henkel transform has been used. These expressions do
not involve integrations and can be handled algebraically. It is as-
sumed that if the boundary conditions are satisfied without the
Henkel transform (that is, Equations 5.35), the boundary condi-
tions will be satisfied with the Henkel transform (that is, Equa-
tions 5.41) as well [128].

5.4.3 Discussions

The present φ function (refer to Equation 5.34) can as well be used
for solving the half-space problem (as discussed in Section 5.3), and
one may refer to [37] for a worked out solution.
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Figure 5.6: Typical output from an analysis of a multi-layered
elastic structure.

It may be noted that circular uniform loading is generally assumed
for analysis of asphalt pavement idealized as a multi-layered struc-
ture. It also synchronizes well with the axi-symmetric cylindrical
coordinate system assumed for the analysis. However, a typical
tire imprint neither may look circular nor the loading be uniform
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5.4. Multi-layered structure 111

Figure 5.7: A typical tire imprint.

(refer to Figure 5.7). If the weight of the wheel is Q and the tire
contact pressure is q, then the equivalent radius (a) of the tire
imprint can be calculated as,

a =

√
Q

qπ
(5.47)

Instead of vertical pressure, one can also assume that a horizontal
shear stress (qs) is applied by the wheels (refer to Figure 5.8). In
that case, the surface boundary condition becomes the following,

τ 1,t
rz = qs for 0 ≤ r ≤ a

= 0 otherwise (5.48)

σ1,t
zz = 0

In fact, a wheel applies both vertical pressure (q) and horizontal
shear stress (qs), and one can solve the multi-layer problem sep-
arately using Equation 5.36 and Equation 5.48, and superimpose
them to predict the overall effect.

It is possible to extend the n layer analysis further for a situation
where some of the layers are assumed to show viscoelastic behavior.
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112 Chapter 5. Load stress in asphalt pavement

Figure 5.8: Shear stress acting within a circular area of radius a.

Use of the elastic-viscoelastic correspondence principle [84] (refer
to Equations 2.41 and 2.42) can be one of the ways of handling
such a problem. In this approach (i) the expressions of stress-
strain-displacements are taken to the Laplacian domain (s), (ii)
the expression of Ei can be replaced by sEi(s) (so also for µi, if
it is assumed to be a function of time), and (iii) an inversion can
be performed to bring it back to the time domain. A number of
researchers have worked on this problem [213]. Interested readers
can refer to, for example [46, 148, 213] as some of the relatively
recent works.

As is apparent from the above discussions, a closed-form analytical
solution of an n-layered elastic structure may be difficult. How-
ever, the results can be easily obtained using numerical schemes.
Further, some alternative approximate approaches have been sug-
gested where the multi-layered problem is solved using a single
layer formulation (that is, a half-space), with certain additional
simplifications. One can refer to [65, 256, 290] for discussions on
such methods.

5.5 Closure

A number of softwares/algorithms are available which perform
such analyses of multi-layered structures, for example, [56, 61,
66, 103, 121, 143, 154, 215, 217, 227, 283] and one can refer
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5.5. Closure 113

Figure 5.9: Superposition may be assumed for computing response
due to multi-axle loading.

to [46, 121, 131, 279] for more discussions on such available tools.
Some of the softwares/algorithms have provisions for incorpo-
rating advanced material models. Since it is possible to analyze
multi-layered structures with various material behavior and ge-
ometry [165] using efficient computational systems, there may not
be any need to estimate an equivalency factor between two lay-
ers made up of different materials, or the equivalent single layer
strength (elastic modulus) of two or multiple layers, etc. Such com-
putational power also enables one to analyze a complex arrange-
ment of axle and wheel configurations (refer Figure 5.9). With this,
assumption of load dispersion angle or equivalent single wheel load
(ESWL) etc., may no longer be required.
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Chapter 6

Temperature stress in
asphalt pavement

6.1 Introduction

Change in temperature other than the temperature profile at
which the pavement is stress-free (refer to the discussions in Sec-
tion 4.3 in the beginning) is expected to cause thermal stress to
a pavement structure. However, the asphalt mix being a rheo-
logic material also dissipates the stress thus developed. That is,
continuous variation of the thermal profile induces thermal stress
to the asphalt pavement which also continuously gets dissipated.
Thus, thermal stress in asphalt pavement may be negligible in
moderately cold to warm places. However, in the regions with an
extremely cold climate, there can be a significant accumulation of
thermal stress within a short time-period (shorter than the time
needed for its dissipation). This chapter presents a formulation to
estimate the thermal stress in an asphalt layer (for known rheo-
logical properties) due to any given variation of temperature.
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116 Chapter 6. Temperature stress in asphalt pavement

6.2 Thermal profile

A simple formulation for the estimation of a thermal profile across
pavement layers has already been presented in Section 4.2. Various
researchers have studied the thermal profile of asphalt pavement
theoretically and experimentally [108, 301, 311]. Past studies sug-
gest that the thermal profile (T (z)) in the asphalt layer of an
asphalt pavement is generally nonlinear [72].

6.3 Thermal stress in asphalt

pavement

For a viscoelastic material, the thermal stress dissipates over time.
If temperature T did not vary with time (t), the thermal stress
(for fully a restrained condition) in the asphalt layer could be
calculated (refer to Equation 4.11) as follows,

σTxx(t) = σTyy(t) (6.1)

σT (t) = −E
T
relα (T − To)

1− µ

where, Erel(t) is the relaxation modulus of the asphlatic material.
The σT (t) will gradually decrease even if the temperature remains
constant over time. Further, σT (t) will be higher if the temperature
is low. This has been schematically presented in Figure 6.1.

However, the temperature in a pavement structure does not re-
main constant; the temperature (T (z, t)) varies both with depth
(z) and time (t) (refer to Section 4.2). Such a variation will affect
the restrained strain (refer to Equation 4.10), which in turn will
influence σT (z, t). Asphalt mix being rheologic material, σT (z, t)
will be affected by the history of the temperature variation as
well. Thus, the considerations involved in deriving an expression
for σT (z, t) are presented in the following,
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6.3. Thermal stress in asphalt pavement 117

T

t

σT(t)

Figure 6.1: A conceptual diagram of the variation of thermal stress
(σT (t)) with temperature (T ) and time (t).

• Assuming that asphalt mix is a linear viscoelastic material,
the thermal stress can be determined by using the Boltz-
man’s superposition principle (refer to Equation 2.39), as
follows [43, 111, 187, 188, 213, 229, 253].

σT (t) =
1

(1− µ)

∫ t

−∞
E
T (t)
rel (t− ζ)

∂ε(ζ)

∂ζ
dζ (6.2)

where, ζ = dummy variable for time.

• Using Equation 4.10 one can write [187, 229],

∂ε(ζ)

∂ζ
= −α∂T

∂ζ
(6.3)

where, α = coefficient of thermal expansion (of the asphalt
in this case). It is assumed that α does not vary with tem-
perature.
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118 Chapter 6. Temperature stress in asphalt pavement

• It may be noted that since temperature is constantly chang-
ing, the E

T (t)
rel needs to be converted to a equivalent value ETr

rel

at some standard temperature [188, 213, 229, 253], where Tr
is a reference temperature. This can be done by invoking
the time-temperature superposition principle, and assuming
that asphalt is a thermorheologically simple material [253].

Using Equation 2.51 and considering that the reduced time
at a given time (t− ζ) is the sum of all the reduced times up
to this time [84, 188, 213, 253], one can derive the function
for calculation of the reduced time as follows [213, 229],

f(t− ζ) =

∫ (t−ζ)

−∞

dt′′

αT
(6.4)

where, t′′ = a dummy variable representing time. A suitable
expression for αT can be chosen in the form of Equation 2.53
or Equation 2.54. It is assumed that the reduced time is
calculated with reference to some standard temperature, Tr.
It may be noted that αT is a function of Tr and T (t′′), where
T (t′′) represents the temperature of the asphalt layer (at a
given z) which is constantly varying with time, t′′.

• The above considerations are assumed to hold independently
for each value of z.

Considering the above, the thermal stress into asphalt layer at any
t and z can be expressed as [188, 206, 213, 229, 253],

σT (z, t) =
−α

(1− µ)

∫ t

−∞
ETr
rel(z, f(t− ζ))

∂T (z, ζ)

∂ζ
dζ (6.5)

Equation 6.5 can be used for the calculation of thermal stress
within the asphalt layer at any time and depth. One can choose
a suitable rheologic model for asphalt material (refer to the dis-
cussions in Section 2.3.1) and numerically obtain the estimated
value of σT (z, t). One can refer to, for example, [229, 253] for such
a study on a single layer, [213] for a study on multiple layers,
and [225] for more complex geometry. A typical expected varia-
tion of temperature, restrained strain, and viscoelastic stress is
schematically shown in Figure 6.2.
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Figure 6.2: Schematic representation of variation of temperature,
restrained strain, and viscoelastic stress in an asphalt layer.

6.4 Closure

σT (z, t) is a function of both the temperature and the rate of drop
of temperature (refer to Equation 6.5). For low temperature and a
high rate of cooling, the stress developed will be high. If the drop
of temperature is slow, the asphalt layer may get time to dissipate
the thermal stress. If the thermal stress developed is more than
the tensile strength of the material (at that z and t), a thermal
crack may originate [78, 112]. The issues related to the estimation
of thermal crack spacing will be taken up in the next chapter
(Chapter 7).
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Chapter 7

Pavement design

7.1 Introduction

A pavement design may involve structural, functional, and
drainage design. This chapter deals with the basic principles of
structural design of a pavement. The goal of this chapter is to
establish a link between the analysis schemes developed in the
previous chapters and the current approaches to pavement de-
sign. A large pool of documents is available on the design of pave-
ment structure, in the form of textbooks [94, 121, 186, 212, 313],
codes/guidelines [1, 86, 131, 132, 198, 206, 211, 216, 217, 260, 281,
284] and various background papers [53, 256, 257, 280], and inter-
ested readers can refer to these for further study. The discussions
in this chapter, therefore, have been kept brief.

The structural design of pavement primarily involves the estima-
tion of thickness. The thicknesses are so provided so that the
pavement is able to survive the structural distresses. It may be
reminded that there can be various other distresses which are
non-structural in nature. Some of the primary modes of structural
distresses are, load fatigue, thermal fatigue, rutting, low tempera-
ture shrinkage cracking, top-down cracking, punchouts (generally
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122 Chapter 7. Pavement design

relevant for continuously reinforced cement concrete pavements),
crushing, etc. One can refer to, for example [199, 260], for an
overview of various types of distresses that may occur to a pave-
ment structure.

For asphalt pavement, the structural design generally involves es-
timation of the thicknesses of the base, sub-base, and surfacing.
For concrete pavement, structural design generally involves esti-
mation of the thicknesses of the base and the concrete slab; for
concrete pavements it also includes an estimation of the joint spac-
ing and detailing (spacing, diameter, and length) of the dowel and
tie bars. In principle, there is not much of a difference between the
pavement design approaches for a highway pavement and a run-
way/taxiway pavement [83, 116, 211] or a dockyard pavement—the
input parameters may be different (for example, load application
time in a dockyard [259] may be longer than on a taxiway, the
lateral wander of wheels on a runway may be distributed over a
larger length than on highways and so on), but the design philos-
ophy (in terms of the mechanistic-empirical design approach), in
general, remains the same.

7.2 Design philosophy

Historically, a number of approaches have been suggested to de-
sign the pavement structure, ranging from empirical, to semi-
empirical to mechanistic-empirical methods. Some of the earlier
approaches were based on (i) experience (ii) bearing capacity (iii)
shear strength (iv) deflection and so on. In some of these meth-
ods the layer thickness values are so designed that the maximum
value (of bearing stress or shear stress or deflection) does not ex-
ceed the strength (say, bearing strength or shear strength of the
material) or the limiting criterion (say, deflection). Certain ini-
tial design approaches did not originally include traffic repetition
as a parameter [313]. However, it was realized that a pavement
structure does not necessarily fail due to single application of load
due to ultimate load bearing conditions (although there are some
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7.2. Design philosophy 123

exceptions, as discussed toward the end of Section 7.4.1), rather it
is the repetitions of load (or environmental variations) that cause
failure. Repetition gradually emerged as one of the important con-
siderations in the pavement design process.

One can refer to various other books/papers, for example, [121,
202, 290, 310] etc., for a brief review of the historical perspective
of pavement design1.

In the mechanistic-empirical pavement design approach, mecha-
nistically estimated initial stress-strain values at critical locations
are empirically related to the cumulative repetitions for individ-
ual distresses. Such relations are also known as transfer functions.
For example, horizontal tensile stress/strain at the bottom of any
bound layer can be related to fatigue life [216, 217, 260, 284], ver-
tical compressive strain(s) on individual layers [216, 217, 260, 284]
or the shear stress or principal stress can be related to permanent
deformation (rutting) [260], vertical compressive stress can be re-
lated to the crushing of a cemented layer [260] and so on. Some
of the initial works which formed the basis of the mechanistic-
empirical method are due to [74, 204, 240]. Now, this approach
is quite widely being used in various countries, and a number of
guidelines/codes follow the mechanistic-empirical method of pave-
ment design [1, 86, 198, 206, 216, 217, 260, 281, 284]. Some of the
structural distresses considered in mechanistic-empirical pavement
design are discussed further in the following:

• Load fatigue: Repetitive application of load causes load fa-
tigue failure to the bound layer of the pavement [204, 251].
In the laboratory this is simulated by applying repetitive
flexural loading on beams of various geometry (refer to Sec-
tion 2.3.2 for a brief discussion). Since the maximum tensile

1It must, however, be pointed out that some of the earlier design ap-
proaches may still be quite relevant, for example deflection is used as a criteria
for overlay design [13, 133, 217], bearing capacity can be used to evaluate stress
and bearing capacity of individual layers [280], shear strength can be used as a
criteria in an integrated approach for a mix-design-pavement-design [93] and
so on.
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124 Chapter 7. Pavement design

stress strain occurs at the bottom of the bound layer, cracks
initiate there and propagate upward as repetitions progress,
hence are known as bottom-up cracking. The laboratory con-
ditions of fatigue testing being different than in the field
(for example, differences in loading pattern, rest period, tem-
perature, boundary conditions of the sample etc.), calibra-
tion/adjustment is needed on the laboratory equation to
make it usable as a design equation [8, 286]. Further, the def-
initions of fatigue failure in laboratory (which may be based
on reduction of stiffness modulus by a pre-specified frac-
tion [2, 176], or by the amount of energy absorbed [96, 269])
may be different than those in the field (which may be based
on the percentage of appearance of a characteristic surface
crack). One can refer to, for example [15, 258, 263] for a brief
overview of the various load fatigue transfer functions used
for pavement design purposes.

• Rutting: Permanent deformation in pavement is called rut-
ting. Rutting generally occurs along the most traversed
wheel path and is measured at the surface of the pavement.
Rutting can happen due to (ii) compaction (reduction) of
air-voids and/or (i) shear flow of the material. Since rutting
is measured at the surface, the contribution may come from
one or more layers due to either of these mechanisms. Fig-
ure 7.1 schematically shows the rutting contributed by the
ith layer due to compaction (Figure 7.1(a)) and shear flow
(Figure 7.1(b)).

Various empirical, semi-empirical, or mechanistic (vis-
coelastic/viscoplastic) models have been suggested where
elastic strain(s) of pavement layer(s), pavement thick-
ness(es), temperature, asphalt content, airvoids, dynamic
modulus, resilient modulus, aggregate gradation, traffic rep-
etition, moisture content, state of stress, rheological param-
eters, etc., have been used to predict the rut depth of as-
phalt layer or granular layer or overall rutting [47, 54, 119,
122, 175, 206, 226, 234, 261, 322]. One can, for example, re-
fer to [226] for a review on rutting in an asphalt layer, and
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1st layer

ith layer

(a) Rutting of ith layer due to compaction

1st layer

ith layer

(b) Rutting of ith layer due to shear movement

Figure 7.1: Schematic diagram representing two possible mecha-
nisms of rutting.

to [164, 288] for a review of rutting in a granular layer, and
to [307] for a study on the relative contribution of different
pavement layers to rutting.

• Low temperature shrinkage cracking: Low temper-
ature shrinkage cracks run along the transverse direc-
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126 Chapter 7. Pavement design

tion of the road. Such cracks are prevalent in the roads
of the colder regions [187]. It originates when the ten-
sile stress generated within the bound layer exceeds the
tensile strength of the material [78, 112]. Basic formula-
tions for estimation of thermal stress have been devel-
oped in Sections 4.3.2 and 6.3 for cement concrete and
asphalt pavement, respectively. For similar environmental
conditions and mix composition, the transverse shrink-
age cracks are expected to be spaced equally [229, 252,
253]. The design considerations for estimating the crack
spacing has been presented in a later section in this
chapter.

• Thermal fatigue: Temperature variations cause alternative
expansion and contraction to the pavement materials. This
causes damage (to the bound layers) due to thermal fatigue,
which keeps on accumulating due to repetition of the thermal
cycles [7, 21, 78, 298]. Past research suggests that variation
of temperature, thickness of the bound layer, and the max-
imum thermal shrinkage stress level affect the damage due
to thermal fatigue [7, 21, 228].

• Top-down cracking: Unlike load fatigue cracking, these
cracks are seen to start from top and propagate downward,
in asphalt [123, 194, 239] or concrete [25] pavements. Con-
ventional load fatigue theory cannot explain it, which as-
sumes that tensile strain causes fatigue cracks to initiate,
whereas the top portion generally belongs to the compres-
sion zone [39]. It is postulated that the initiation of cracks at
the top may be attributed to shear stress applied by the tires,
non-uniform tire contact pressure, tensile stress at the sur-
face generated due to wheels or axle placement, hardening of
asphalt material, mix segregation, low temperature shrink-
age cracks, and so on [39, 265]. Once initiated, it is assumed
that the cracks propagate with the traffic repetitions.
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7.3 Design parameters

The following paragraphs briefly discuss the various parameters
associated with the pavement design.

7.3.1 Material parameters

The road materials are characterized through various tests, and the
material parameters are subsequently used in pavement analysis
as input. Road material characterization was covered in Chapter 2.

7.3.2 Traffic parameters and design period

Traffic parameters are used to predict the cumulative traffic count
during the design period. For new road construction, traffic needs
to be predicted where there is no traffic as yet. The traffic pa-
rameters include the traffic volume and its variation, axle load
distribution, axle and the wheel configuration, tire contact pres-
sure, the lateral wander of wheels, the traffic growth rate, the
lane distribution and so on. This cumulative traffic is gener-
ally expressed in terms of million of standard axle load rep-
etitions, using various empirical or theoretical equivalency fac-
tors [1, 101, 121, 206, 217, 260, 281, 284].

7.3.3 Environmental parameters

The variation of moisture and temperature may affect the layer
modulus values, which in turn affect the critical stress/strain val-
ues for a multi-layered structure. The incremental damage for the
same traffic repetition may differ due the effect of environmental
variations. Advanced environmental models simulate the cumula-
tive damage by considering the effects of the variation of environ-
mental parameters [68].

www.EngineeringBooksPdf.com



i
i

i
i

i
i

i
i

128 Chapter 7. Pavement design

7.4 Design process

The basic formulation for estimating stresses due to load has been
presented in Chapters 3 and 5. The basic formulation for the esti-
mation of stresses due to temperature has been presented in Chap-
ters 4 and 6. The codal provisions may vary from one guideline
to the other on whether the load and thermal stresses should be
combined and considered in the design process.

The thermal stress in asphalt pavement at higher temperatures is
generally neglected because of its quick dissipation. The thermal
stress at low temperature in asphalt pavement is used for predic-
tion of thermal shrinkage crack spacing (refer to Section 7.4.3).

The thermal stress in concrete pavement is highest at the inte-
rior portion (maximum restraint) and least at the corner (least
restraint). Further, the thermal stress is tensile at the bottom of
the slab during daytime (when, Tt > Tb) and is compressive at
the bottom during the nighttime (when, Tt < Tb) (refer to Sec-
tion 4.3.1). Thus, the load stress and the thermal stress may be
additive or subtractive depending on the location and the thermal
profile. A schematic diagram indicating relative magnitudes (not
to scale) and the nature (tension/compression) of load and ther-
mal stresses (typically bending) in concrete pavement has been
presented in Figure 7.2. In the diagram, edge stress due to load,
means the maximum stress is at the edge due to wheels positioned
near the edge and so on (also refer to Section 3.4). Further, the ex-
istence of a moisture gradient (typically opposite to temperature
gradient) may also affect the overall stress value [12]. Hence, con-
sidering only the bending stress due to the load and temperature
(and ignoring the stress due to the moisture gradient) makes the
design conservative.

7.4.1 Thickness design

Figure 7.3 shows a generic pavement thickness design scheme. The
predicted cumulative traffic is used in the transfer functions to
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Figure 7.2: A schematic diagram indicating the possible relative
magnitudes (not to scale) and nature (tension/compression) of
load and thermal bending stresses in concrete pavement at the
corner, edge, and interior.
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Figure 7.3: A generic pavement design scheme, where thicknesses
are decided based on critical stresses/strains.
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obtain the allowable values of critical stress/strain for a given
type of structural distress. Further, from the assumed values of
the thicknesses and the material properties, environmental param-
eters, and for a standard loading configuration, the stress/strain
at the critical locations are computed using pavement analysis.
These computed stress/strain values are compared with the corre-
sponding allowable values. The thicknesses are adjusted iteratively
until the values become approximately equal, and subsequently the
design is finalized.

As per Figure 7.3, the iteration for design thicknesses is based
on the comparison between the allowable and computed critical
stress/ strain values. Alternatively, comparison can be also per-
formed in terms of the traffic repetitions, that is, comparison be-
tween the number of expected traffic repetitions (T ) and number of
traffic repetitions the pavement can sustain (N ). Thus, the portion
marked “A” of Figure 7.3 can be changed to develop Figure 7.4, as
an alternative design scheme. The value of N for a given distress
can be obtained by putting the critical stress/ strain values to the
corresponding transfer function.

For a deterministic design, a designer tries to adjust the thicknesses
so that N u T . That means,

T

N
u 1 (7.1)

Given that there are seasonal variations (for example, variation of
temperature affects the modulus of the asphalt layer, the variation
of moisture affects the modulus of the subgrade etc.), variations
in axle load (different axle loads result in different strain levels),
during the design period, one may like to divide the design period
into smaller time periods and calculate the fractional damage (due
to different phases of environmental variations [284], different axle
load groups [243], etc.) for each of these time periods. The smaller
time periods may be constituted with groups of seasons, months,
days or even hours. For example, stresses may be different in sum-
mer and winter months due to differences in the strength, interface,
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Figure 7.4: A generic pavement design scheme where thicknesses
are decided based on the number of repetitions.

and restraint conditions; further, on a given month the daytime
and nighttime stresses in a pavement might differ, and one might
like to consider these separately. Assuming fractional damages are
linearly additive (refer to Equation 2.55 and discussions thereof),
one can write,∑

EC

∑
AL

T

N
u 1 (7.2)

where EC = different groups of environmental conditions, and AL
= different groups of axle loads. Thus, the portion marked as “B”
in Figure 7.4 goes through a loop (for calculation of fractional
damages for different axle load, seasons, months, days etc., and one
can have many such summations), before the design thicknesses
are finalized.

In the above example, the damage (as per Equations 7.1 or 7.2)
is made equal to one for design purposes. That is, expected traffic
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repetitions (T ) is made equal to the traffic repetitions the pave-
ment can sustain (N ). One may, however, decide to take into
account the uncertainties and inherent variabilities in various as-
sociated parameters [58, 121, 183, 262, 263, 313], which affects the
performance of the pavement. This can be done by increasing the
design traffic by a factor. Reliability analysis provides a basis for
deciding this factor for a given reliability level of the pavement
design. The reliability analysis for pavement design will be briefly
dealt in Section 8.5.

Discussions

The same principle of pavement design (discussed above) holds for
the design of the overlay, which involves the provision of an addi-
tional layer over the existing pavement. In this case, the pavement
structure, including the proposed overlay, needs to be analyzed
to obtain the stress/ strain parameters at the critical locations.
For this analysis, one needs to consider the present strength (say,
modulus) of the existing pavement, which might have deteriorated
over the passage of time (due to traffic repetitions and tempera-
ture variations). The present strength of the pavement layers (at
any given time during the service life) can be experimentally eval-
uated through a structural evaluation. Depending on the type of
equipment used in the evaluation process, it may involve a solution
to handling inverse problems (refer to Section 8.6 for discussion on
inverse problems). Besides the mechanistic-empirical approach for
overlay design, other approaches also have been suggested. For
example:

• In the deflection based approach, the overlay is recommended
(based on the experience gained from past studies) if the
surface deflection (caused by some static or impact loading)
is observed to be beyond some specified permissible limit
and subsequently the overlay thickness is estimated from the
observed deflection [133, 217].

• In the effective thickness approach (or, equivalent thickness
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approach) [1, 13, 206], the overlay thickness is stipulated as
follows,

hBo = h
(A+B)
1 − khA1 (7.3)

where, hBo = overlay thickness required to extend the
longevity of pavement by an additional amount of B traffic
repetition, after the pavement has undergone traffic repeti-
tion of A. h

(A+B)
1 = thickness of the surfacing to be provided

if it had been designed for a total traffic of A + B, hA1 =
initial thickness of surfacing provided for design traffic A, k
= a factor less than one, which takes care of the fact that
the initial thickness of the surfacing provided for the design
traffic A is no longer hA1 , because, the layer must have under-
gone deterioration while serving the traffic A. If an asphalt
overlay is to be provided on concrete pavement, or a con-
crete overlay is to be provided on asphalt pavement, then
Equation 7.3 can be modified as follows,

hBo = C
(

(h
(A+B)
1 )m − k(hA1 )m

)
(7.4)

C = empirical thickness conversion factor from one type of
material to the other (say, from asphaltic to concrete or vice
versa), m = an exponent depending on the bonding between
the overlay and its underlying layer.

Sometimes, the weighted sum of the thicknesses of the layers
(instead of individual thickness values) is used as an indica-
tor of overall structural strength of the pavement [1, 83]. The
formulas used for estimation of overlay thickness in different
guidelines may be different from Equations 7.3 and 7.4, but
all of them are generally based on the above conceptualiza-
tion [1, 206, 211].

It can be shown that the above alternative approaches of overlay
design can also be derived using the mechanistic-empirical design
principle.

Some distresses may not be related to the critical stress strain pa-
rameters, rather they may be related to some other parameter (for
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example, erosion damage has been related to the energy needed
to deform the slab), which in turn is dependent on traffic repeti-
tions [206, 281]. One can still calculate cumulative damage due to
traffic repetitions. Therefore, the schematic diagram presented as
Figure 7.4 still holds.

Some distresses, for example, crushing, may be independent of the
traffic repetitions in this case. Further, one might like to check
whether the sum of maximum thermal and load stress for con-
crete pavement should always be less than the modulus of the
rupture of the concrete. Such a check is independent of traffic rep-
etitions. Thermal shrinkage cracking occurs at the instant when
the generated tensile stress exceeds the tensile strength of the ma-
terial. Thus, it also can be considered independent of traffic or the
thermal loading cycle. If the pavement material is rheologic (like
asphalt mix), there will be historical effect of thermal variations
in terms of accumulation and dissipation of stress as discussed in
Chapter 6; however, in principle one may consider thermal shrink-
age cracking as a one-time failure phenomenon and that there is
no accumulation of damage.

7.4.2 Design of joints

Design of joints involves considerations of joint spacing, and the
design of the dowel and tie bars. These are discussed in the fol-
lowing.

7.4.3 Estimation of joint spacing

In concrete pavement, expansion joints are provided to allow ex-
pansion due to temperature variations.

Joint spacing for expansion joints

If the concrete pavement is freely allowed to expand or contract
horizontally (refer to Figure 7.5(a)), from Equation 4.10 one can
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(a) Expansion joint spacing for concrete pavement

(b) Thermal shrinkage crack spacing for asphalt pavement

Figure 7.5: Schematic diagram explaining the thermal expansion
joint spacing.

write,

LEα
(
TA − To

)
= zs (7.5)

where, LE is the spacing between the two successive expansion
joints (which eventually is the length of the concrete slab). If the
concrete pavement is partially restrained from moving, then from
Equation 4.33 one can write,

α (TA − To)
e−ξLE

ξ(1 + e−ξLE)
= zs (7.6)

The above equation provides a relationship between zs and LE.
Thus, the spacing of expansion joints, LE are obtained by setting
limits to its displacement in terms of joint gap, zs. If zs provided
is too small, concrete slabs may buckle at the joints (known as
blow up); if it is too large it may cause hindrance to the smooth
movement of wheels moving from one slab to the other (refer to
Figure 3.4).

Joint spacing for thermal shrinkage crack

As discussed earlier, the thermal shrinkage crack (refer to Fig-
ure 7.5(b)) happens at that instant of time when the tensile ther-
mal stress generated exceeds the tensile strength of the mate-
rial [78]. Thus, the spacing of the contraction joint, LC can be
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obtained by setting limits to the tensile stress developed as the
tensile strength. That is,

σT (z, t) = σS (7.7)

where, σS is the tensile strength of the asphalt mix. Thus, assum-
ing a full-depth thermal shrinkage crack (refer to Figure 7.5(b)),
Equation 4.17 can be used to obtain the value of LC , if a friction
model is used [188, 229, 252, 323].

Researchers have found that the σS of asphalt mix is sensitive
to temperature [112, 298]. Approaching from low temperature
(−40◦C) to higher temperature, the tensile strength of asphalt
material is first observed to increase then decrease [298].

The above principle also holds for the estimation of crack spacing
due to the natural shrinkage of concrete (known as a contraction
joint). However, stress needs to be calculated differently than the
way done in Equations 4.11 and 4.33, due to thermal variations.

Contraction joints can be provided in variety of ways [313]. Pri-
marily, a contraction joint is built as transversely placed pre-cracks
(at regular intervals as estimated above), so that if the shrinkage
crack grows further, it will occur along the same transverse lines.
This will prevent irregular growth of cracks on the pavement sur-
face.

7.4.4 Design of dowel bar

The dowel bars (refer to Figure 1.2) participate in the load trans-
fer. For the design of the dowel bar the portion of the load trans-
mitted by a single dowel bar is to be estimated first. This can
be done by assuming that the dowel bar which is placed below
the wheel takes the maximum share of the wheel load, and it is
assumed that the subsequent dowel bars (up to some assumed
length) share the load following a similar triangular rule [121, 313].
It may be noted that the total load shared by all the participating
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Figure 7.6: Schematic diagram of a single tie bar.

dowel bars is a fraction of the wheel load acting on the slab—the
remaining load gets transmitted through the slab to the underlying
layer [313].

Having obtained the maximum possible load on a single dowel bar
(that is, load Q in Figure 3.4), the dowel bar can be analyzed (refer
to Section 3.2 for the principles) for bending, bearing and shear,
and accordingly its cross section (for a given type of steel) can be
decided. The design can be finalized by varying the diameter or
the spacing or both.

7.4.5 Design of tie bar

The tie bars (refer to Figure 1.2) are used for keeping two adjacent
slabs tied to each other. Figure 7.6 schematically shows a single
tie bar.

The strength of the tie bar should be just adequate so that it does
not snap when the slab is pulled (a situation may arise due to any
lateral displacement of a slab). Considering the unit length of the
slab, one can write,

fρg(B × h× 1) = σst.Ast (7.8)

where f= coefficient of friction between the concrete slab and the
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underlying layer, ρ = density of concrete material, g = gravita-
tional acceleration, h = thickness of the concrete slab, σst = tensile
strength of steel, Ast = area of the steel per unit length. Equa-
tion 7.8 provides the total area of steel required per unit length of
the concrete slab. Further, considering the pull-out strength of a
single tie bar one can write,

astσst = l′T .2πa.τ
b (7.9)

where, ast = cross sectional area of a single tie bar, l′T is the length
embedded inside one of the slabs (refer to Figure 7.6)), a = radius
of the tie bar, τ b = bond strength between the tie bar and concrete.
Thus, the total length of the tie bar can be calculated as,

lT = 2l′T + zs (7.10)

where, zs = gap between the two adjacent slabs.

7.5 Maintenance strategy

A pavement which is designed for a specified design period will
undergo deterioration. There is a need to maintain the pavement
from time to time. The maintenance strategy may involve minor
maintenance, repair, or rehabilitation. It may involve recycling or
may even require reconstruction. The choice of the type of mainte-
nance and its timing is an interesting problem [287]. This is briefly
introduced in the following,

Figure 7.7 shows schematic diagram of the variation of the struc-
tural health of pavement over the maintenance cycles. The begin-
ning of each cycle may be considered to start with a maintenance
activity.

Referring to a typical ith cycle (between time ti and ti+1) shown
in Figure 7.7, the structural health is improved by ∆Si (that is,
the structural health is improved from SiS to SiE) due to mainte-
nance. The cost of the maintenance (that is, Agency cost) may be

www.EngineeringBooksPdf.com



i
i

i
i

i
i

i
i

7.5. Maintenance strategy 139

Age of the pavement

S
tr

u
ct

u
ra

l 
h

ea
lt

h

ti t(i+1)

∆S
i

Si

S

Si

E

Si+1

S

Si+1

E

∆S
i+1

Si(t)

ith

cycle

Base 

year

Figure 7.7: Schematic diagram showing variation of structural
health of pavement over maintenance cycles.

considered as,

Agency cost = ∆SiMc for ti < t ≤ ti+1 (7.11)

where Mc is the cost of maintenance for a unit of improvement of
the structural health of the pavement. After each act of mainte-
nance, the structural health will drop gradually (to Si+1

S , in this
case) until the next maintenance is initiated, and so on. This trend
may be given by a function as [159],

Si(t) = SiEf(t) for ti < t ≤ ti+1 (7.12)

One may further assume that the deterioration of the road condi-
tion causes an increase in the road users’ cost (in terms of an in-
crease in the wear and tear of tires, an increase in the consumption
of fuel due to road roughness, the increase in the travel time and so
on). Thus, the road users’ cost can be calculated as [166, 210, 287],∫ ti+1

ti
SiEf(t′)Mudt

′ for ti < t ≤ ti+1 (7.13)
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where, Mu is road users’ cost. Now, one may add the agency cost
and user cost to obtain the total cost, and further add these costs
for all the cycles. Since these costs will be incurred at different
times, one needs to consider the discounted cost for a specific base
year. If the year in which the pavement is opened to the traffic is
considered to be the base year (refer to Figure 7.7), then one can
write the total cost as [159, 166, 287],

TDC =
∑
∀i

(
∆SiMce

−rti +

∫ ti+1

ti
SiEf(t′)Mue

−rt′dt′

)
(7.14)

where, TDC is the total discounted cost, and r is the discount
rate.

For a given road project, one may like to minimize the total dis-
counted cost, and obtain the optimal maintenance strategy and
timing for a steady-state situation [166, 197]. However, there are
complexities associated with the real-life problems, for example,

• There are multiple pavement stretches in a road network and
one might like to develop an optimal maintenance scheme
for the entire network [159, 210], given that for each of the
pavement stretches,

– the health status may be different.

– the deterioration trends may be different, and may not
be deterministically known [48, 115]. There is an uncer-
tainty of the predicted longevity of the pavement due
to the inherent variability associated with the pavement
design parameters [69, 196, 244, 272].

– the maintenance needs of individual stretches may be
different, and each stretch may have multiple mainte-
nance alternatives [42].

– the maintenance priorities may be different [81].

– and so on.
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• There may be constraints in terms of resources. These
resource constraints may include budget, manpower, and
equipment constraints [42].

• The pavement health parameters for making a decision about
maintenance options [130] among preventative maintenance
[220], repair, rehabilitation, recycling, or reconstruction need
to be identified.

• One may like to take the energy and greenhouse gas emis-
sions into consideration [14] while deciding from among the
maintenance alternatives [170].

• and so on.

7.6 Closure

In this chapter, an overview is presented on the principles used in
the structural design of pavement. Like any other design process,
pavement design is also an iterative process in which the best thick-
ness combinations are estimated from several possible design alter-
natives. Design alternatives arise because of choices available in the
selection of layer compositions, their relative costs, and the relia-
bility level to be achieved [231]. However, the readily available de-
sign charts and softwares provide support to a pavement designer
to finalize the pavement design [1, 206, 211, 216, 217, 281, 284].

Pavement design uses the analysis (generally for static load condi-
tions) results to obtain the predicted critical stress-strain values.
For most of the distresses, failure of a pavement is a function of
traffic repetition (or environmental cycles). And these are gen-
erally linked through empirical relationships and the calibration
essentially depends on the local conditions [202, 282].

Given that pavement design is primarily governed by the number
of traffic repetition (and not by the ultimate load bearing condi-
tions, except for a few types of distresses) it becomes critical to
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understand how damage propagates due to repetition of traffic and
environmental cycles for these distresses [40, 224]. Implementation
of such understanding in the analysis process would eventually
minimize the uncertainties in the pavement performance.
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Chapter 8

Miscellaneous topics

8.1 Introduction

Some miscellaneous analyses will be discussed in this chapter. This
includes the beam resting on a half-space, plates/beams resting on
elastic foundations and subjected to dynamic loading, the analysis
of composite pavements, reliability issues in pavement design, and
the inverse problem in pavement engineering.

8.2 Plate/beam resting on a half-space

Biot [23] provided a solution on an infinite beam resting on a half-
space—this is discussed here. Figure 8.1 shows an infinite beam
(of a unit width) resting on a half-space, acted upon a sinusoidal
loading as,

q = qo cosκx (8.1)

It can be assumed [23, 107] that this loading also produces a sinu-
soidal pressure distribution on the half-space, given as,

p = po cosκx (8.2)
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Half-space

Beam

q= q
o
cosκx

Figure 8.1: An infinite beam resting on an elastic half-space.

For the elastic half-space, the φ function (refer to Equation 5.10)
is assumed as [23],

φ =
po
κ2

cosκxe−κz (1 + κz) (8.3)

The stresses can be calculated using Equation 5.9. The bound-
ary conditions are σxx = σzz = τxz = 0 for z → ∞ and
σzz = −po cosκx. Thus [23],

ω =

∫ ∞
0

εzdz =
1

E
(σzz − µσxx)

=
2po
Eκ

cosκx (8.4)

where, E is the elastic modulus of the half-space. Putting the value
of po from Equation 8.4, one obtains

p =
1

2
Eκω (8.5)

The equation of the beam will be the same as in Equation 3.10.
Putting Equation 8.1 and Equation 8.5 into Equation 3.10, one
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obtains

EbI
d4ω

dx4
= qo cosκx− 1

2
Eκω (8.6)

where Eb is the elastic modulus of the beam. The solution of the
above equation is obtained as [23],

ω =
qo cosκx

Ebκ
(
1 + 2EbI

E
κ3
) (8.7)

Thus, the deflection of an infinite beam resting on an elastic half-
space due to sinusoidal loading is obtained. One can employ a
suitable transformation to obtain the response due to other load-
ing, and can refer to the Biot’s paper [23] for further reading.

A number of studies are available on the analysis of plates resting
on half-space. The deflection of a plate resting on a half-space
acted upon by load Q uniformly distributed over a circular area
of radius a is given as [113, 221, 276, 310],

ω =
2(1− µ2)

Eπa

∫ ∞
0

Q

m(1 +m3l3o)
J1(ma)J0(mr)dm (8.8)

where, l3o = 2D(1−µ2)
E

, and D = the flexural rigidity of the plate.
Interested readers can refer to, for example, [107] for a treatise on
this topic.

Dense liquid (that is, springs) and continuum (that is, half-space)
are two alternative models (characterized by k and E respectively)
used to represent soil subgrade. Conventionally, k is used for anal-
ysis of the concrete pavements (refer to Chapters 3 and 4) and
E is used for analysis of the asphalt pavements (refer to Chap-
ters 5 and 6), because of the mathematical compatibility with
the respective equations. Researchers have opined that the actual
field behavior possibly lies somewhere in between the responses
predicted by these two models [91, 124]. It is argued that the k
value at a point is dependent only on the vertical displacement
at this point, whereas the continuum model is dependent on the
wavelength (refer to Equation 8.5), therefore it involves interaction
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from the other parts of the medium too [23, 153]. It is interesting
to examine an equivalency between E and k that may exist.

For a perfectly rigid plate of radius a acted upon by a uniform
pressure q, one can write,

ω =
q

k
(8.9)

If the rigid plate rests on an elastic half-space (of elastic modulus
E), where a force Q causes an average pressure1 as qav (that is
qav = Q

πa2
), the deflection can be calculated using Equation 5.32

Equating Equations 8.9 and 5.32, one obtains [249]

k =
2E

π(1− µ2)a
(8.10)

One may refer to [249] for further discussions on this topic.

8.3 Plates/beams resting on an elastic

foundation subjected to dynamic

loading

On a pavement structure, load is applied as a pulse [9, 18]. The
governing equation of a horizontal beam (Euler−Bernoulli beam)
resting on an elastic foundation (represented by a lumped parame-
ter model) subjected to a concentrated oscillating force of Q coswf
acting at an angle of β with the horizontal line, and moving with
a speed Vo (refer to Figure 8.2) can be written as,

EI
∂4ω

∂x4
+ ρA

∂2ω

∂t2
+ Cd

∂4ω

∂x4
+Q cos(wf t). cos β

d2ω

dx2

= Q cos(wf t). sin β.∂(x− Vot) + q∗ (8.11)

1It may be noted that the pressure distribution is expected to be non-
uniform, as discussed in Section 5.3.
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X
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Q cos (w
f
t)

V
o

Lumped parameter foundation model

β

Figure 8.2: An infinite beam subjected to a moving dynamic load.

where, EI = flexural rigidity of the beam, ρ = density of the
beam, A = cross-sectional area, Cd = coefficient of damping ∂ =
Dirac delta function. One can see that when the load is constant
(that is, Q cos(wf t) = q), vertical (that is, β = 0), and stationary
(that is, Vo = 0), Equation 8.11 reduces to Equation 3.10. A large
number of research publications are available where researchers
have derived a steady-state closed-form solution of such equation;
for example, solutions for

• a vertical concentrated oscillating load moving with constant
speed on an infinite Euler−Bernoulli beam resting on Win-
kler’s foundation [193].

• a vertical concentrated load of constant magnitude moving
with constant speed and a constant horizontal axial load
on an infinite Euler−Bernoulli beam resting on Winkler’s
foundation [146].

• a vertical concentrated load of constant magnitude moving
with constant speed on an infinite Euler−Bernoulli beam
resting on a Vlasov foundation [185] or a viscoelastic foun-
dation [20, 264].

• a vertical concentrated load of constant magnitude moving
with constant speed on an infinite Timoshenko beam resting
on a viscoelastic foundation [45].
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• a tandem-axle with varying amplitude moving on a plate
resting on a viscous Winkler’s foundation [152].

One may refer to, for example, [22] for a review, or [39, 89, 189]
for a detailed discussion on this topic.

For a static concentrated vertical oscillating load of Q cos(wf t)
acting on an infinite beam resting on a Winkler’s foundation, the
solution is obtained as [193],

ω =
Qλ′

2(k − Aρω2
f )
e−λ

′x (cosλ′x+ sinλ′x) cos(wf t) (8.12)

where, λ′ =
(
k−Aρw2

f

4EI

) 1
4

. It is interesting to compare Equation 8.12

to Equation 3.5. From Equation 8.12 it can be shown that the
amplitude becomes very large (that is, resonance occurs) when,

ω2
f =

k

Aρ
(8.13)

One of the ways to obtain a solution for a viscoelastic founda-
tion is by using the elastic–viscoelastic correspondence principle
briefly discussed in Section 5.4. One can refer to [84], for ex-
ample, for an illustrative example of the response of an infinite
Euler−Bernoulli beam resting on a viscoelastic foundation sub-
jected to a load F (x, t) along its length.

For a constant load Q moving with constant speed Vo, the deflec-
tion is obtained as [193],

ω =
Q

2EI

e−c2(x−Vot)

2c1c2(c2
1 + c2

2)
(c1 cos c1(x− Vot) + c2 sin c1(x− Vot))

(8.14)

where, c1 and c2 are constants expressed as functions of k, ρ, A,
Vo, E and I [193]. The deflection under the load Q can be calcu-
lated by putting x = 0 into Equation 8.14, and it can be shown
that the deflection due to load Q moving with constant speed Vo is
larger than the deflection under the static load Q (refer to Equa-
tion 3.7) [193].
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8.4 Analysis of composite pavements

Composite pavements are those where, in principle, any combina-
tion of asphaltic cement concrete or cemented layer can be pro-
vided anywhere within the pavement structure. Thus, the for-
mulation will involve consideration of spring, plate, or contin-
uum layers anywhere in the pavement structure. One may refer
to [128, 153, 155] for an approach to solving such problems.

For analysis of such a pavement, the individual governing equa-
tions remain the same. That is, for a plate Equation 3.33 and for
a continuum layer or half-space Equation 5.10 (or Equation 5.16
depending on the choice of coordinate) need to be used. If an ith
layer is a spring, then it will be governed by (similar to Equa-
tion 2.6),

σizz = k
(
ω(i−1),b − ω(i+1),t

)
(8.15)

Equation 5.34 can also be assumed as the φ function for the so-
lution [128, 155]. In line with the deflection profile of the multi-
layered structure (refer to Equation 5.41), the deflection of the
plate can be expressed [128] as Equation 8.8.

The solution can be performed in the same manner as discussed
in Section 5.4, and the boundary conditions can be imposed after
the Henkel transformation.

For the top surface, the same boundary conditions as mentioned
in Equation 5.36 hold. If the top surface is a plate, it may be
noted that σ1,t

zz is the same parameter used as q in the expression
of q∗ = q − p in the plate equation (that is, Equation 3.33).

The interface conditions mentioned in Section 5.4 can be used
when additional boundary conditions arise; for example, for an
interface between a continuum layer (the ith layer) and a plate (the
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(i+ 1)th layer), the conditions can be written as [128, 153, 155],

τ i,brz = 0

τ (i+1),t
rz = 0 (8.16)

ωi,b = ω(i+1),t = ω(i+1),b

This is because it can be assumed that shear stresses are dissi-
pated at the boundary between the plate and the continuum layer,
and the vertical deformation at the interface is equal (it also re-
mains the same throughout the plate). If the (i + 1)th layer is a
spring instead of a plate, then the first two conditions above may
be assumed to hold, and, instead of the third condition, one can
write [128],

σizz = σ(i+1)
zz (8.17)

If two consecutive layers are plates, then these can be replaced by
one equivalent plate, depending on whether the interface is smooth
or rough [37, 121, 153].

8.5 Reliability issues in pavement

design

The reliability of a pavement is the probability that it survives
within the design period. In Section 7.4.1 estimation of N and
T and their participation in pavement design has been explained.
Deterministically, these parameters assume fixed values. However,
variabilities in the parameters marked in the portion “C” in Fig-
ure 7.4 causes variation in the T and variabilities in the parameters
marked in the portion “D” in Figure 7.4 causes variation in the
N . Therefore, T and N can then be represented in the form of a
distribution, as shown in Figure 8.3. The distributions of T andN
can be obtained analytically or numerically by simulation. One can
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Figure 8.3: Estimation of reliability from distributions of N and
T .

refer to, for example [105, 183, 274], for background information
on this.

It can be said that if N always assumes higher value than T ,
then the pavement will be safe during the design period, hence
reliability will be 100%. If however, there is some overlap, (as is
shown in Figure 8.3), the reliability value will be lower than 100%.
Recalling Equation 7.1 a term for damage ratio, D can be defined
as,

D =
T

N
(8.18)

The reliability (R) can be defined as,

R = Probability(T < N)

= Probability(D < 1) (8.19)

The reliability value can be estimated from the distribution of D
(refer to Figure 8.3). The distribution of D can be derived from
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Figure 8.4: Schematic diagram of pavement design chart.

the known distributions of T and N analytically [52, 158, 230] or
by simulation [59, 183, 275].

For a pavement design problem, the position of T is rather fixed, a
designer can move the position of N (that is by iteratively varying
the thickness) so that the reliability attains the designed reliability
level. One can refer to [231] for a suggested procedure for designing
a pavement for a given reliability level. It can be said that if the
design reliability is increased, more thickness will be required for
any given pavement layer (hi) for a given structural distress type.
This is schematically shown in Figure 8.4.

8.6 Inverse problem in pavement

engineering

An analysis provides information on the expected response of
the pavement. For example, for a given geometry of the pave-
ment structure, material characteristics and the wheel loading
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8.6. Inverse problem in pavement engineering 153

configuration, it is possible to obtain the response of the pave-
ment in terms of stress/strain/displacement etc. (refer to the por-
tion marked “E” in Figure 7.3). During the structural evaluation of
pavements, the reverse situation arises. For example, the pavement
may be subjected to an impact load and the information about its
response (in terms of the instantaneous surface deflection) may
be collected, and the objective is to predict the parameters of
the pavement structure. These parameters may include the layer
thicknesses, the physical (for example, density, thermal conductiv-
ity etc.) and mechanical (for example, material constants needed
to describe the constitutive behavior) properties of the individual
layers. This is an example of an inverse problem in pavements. The
response typically contains mixed-up information of all the layers:
so the task is to decipher the individual properties of the each layer.

Typically, an inverse problem (also known as back-calculation) al-
gorithm involves (i) assuming of initial values for the unknown
parameters and performing analysis (that is, forward calculation),
(ii) comparing the analysis results with the field observations and
(iii) revising the trial values of the unknown parameters for the
next iteration, until the observed and calculated analyses results
become comparable (in terms of any suitable error function), and
subsequently convergence is said to have achieved. Figure 8.5 pro-
vides a schematic diagram explaining this approach.

For an idealized multi-layered structure, theories have been for-
mulated to predict the response due to static (as discussed in Sec-
tions 5.4 and 3.4) and dynamic load (refer Section 8.3), due to
propagation of elastic [80] or eletromagnetic waves [36] and so on.

Various optimization (classical and evolutionary) schemes are sug-
gested in order to perform iteration and subsequent finalization of
unknown parameters. The complexity (in terms of problem for-
mulation, convergence, computational time, etc.) increases as the
number of unknowns increases. For example, it is more difficult
to back-calculate the parameters for the non-linear constitutive
models of the individual pavement layers of a n layered structure,
than to obtain, (say) the elastic moduli of a pavement structure
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Assume 
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Compare 
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Calculate 
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Pavement analysis
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Finalize
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if compares 

well

Figure 8.5: Schematic diagram explaining an approach to solve the
inverse problem in the structural evaluation of pavements.

made with two homogeneous isotropic continuum layers. Clearly,
inverse solutions are quite straightforward when closed form anal-
ysis results are available (for example, refer to Equations 3.5, 5.29
etc.), and may not involve any iteration.

With an assumed pavement structure with known material prop-
erties and an associated theory, it is generally possible to uniquely
obtain the predicted response within the framework of idealiza-
tions involved; however, the reverse is not true. The solution to
an inverse problem may give rise to non-uniqueness [90], that is,
multiple answers are possible within the permissible error-band.

8.7 Closure

Basic formulations for the estimation of load and thermal stress in
concrete and asphalt pavements are dealt with in this book. The
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analyses involved a number of idealizations. Most of the time it
has been assumed that the pavement materials behave like a linear,
homogeneous elastic structure, that interface conditions are either
perfectly smooth or rough (fully bonded), that load is static, that
the life of the pavement can be predicted from initial stress-strain
conditions, that relative damage is linearly accumulative, and so
on. However, pavement materials behave in a more complex way
than what are generally considered in idealized analysis schemes,
and the propagation of pavement distresses are more complex a
phenomena than what are generally considered in routine design
processes [60].

Obtaining a closed-form solution for analysis of a pavement struc-
ture is not always easy because of the involvement of multiple
layers in the formulation. The difficulty level increases further,
when simplified assumptions on geometry, loading and material
properties are replaced with more realistic ones. This can be
handled by invoking advanced numerical methods. A number of
3-D finite element formulations have been developed for analy-
ses [49, 64, 103, 121, 125, 271, 317] of pavement structures. Ef-
forts are being made to develop a comprehensive model of pave-
ment which can simulate deformation, damage, healing, and so
on [79, 190]. Further, it is important to validate the analysis’
results from field studies through appropriate instrumentation.
Significant initiatives have also been undertaken in this direc-
tion [21, 77, 121, 122, 173, 312].

The gap between the theoretical and experimental results is grad-
ually reducing through advanced modeling and instrumentation.
This will eventually bring down the level of uncertainty. Re-
searchers are trying to understand the pavements better.
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